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D=3 Chern-Simons theory
k .
Ses = - / P e { A (0, A, + HAn A}
s

where A,, is the three-dimensional gauge field. The
classical CS solutions are pure gauge fields F),.(A) = 0.

D=3 BF-theory

Spr = / d*xe™" Tr {B,,F,.(A)}

This model has the additional noncompact Abelian b-
transformations

0B, = Onb + i[Ap, bl +i[Bm,al, 64, = Ona + i|An, al

D = 3, N =1 supersymmetric CS theory in the su-
perspace z = (2", 6“) is described by the spinor gauge
superfield A,(z) and the superfield strength W, [W.
Siegel (1979), J. Schonfeld (1981)].

D = 3, N = 2 supersymmetric CS theory in the su-
perspace z = (2™, 0% 60%) is described by the prepoten-
tial V and the pseudoscalar superfield strength W [B.
Zupnik, D. Pak (1988)].

Seg = / Bxd* VW = / Exd*0V DD,V



D = 3, N = 3 general superspace: ™, 00y, k=12

D = 3, N = 3 harmonic superspace uses the SU(2)/U(1)

+

harmonics u;

0" = Onuluf, 0o =03uiuy
N = 3 gauge prepotential V" and superfield strength

W+t live in the same analytic superspace
[D. Khetselius, B. Zupnik (1988)]

bos = / P add ™ duV W = / Prd0duV V"

D—i——l—v—— — D__V++, W++ — _iD—I——FaD&H—V——

The N = 6 ABJM model was reformulated in this
N = 3 superfield formalism [J. Buchbinder, E. Ivanov,
O. Lechtenfeld, N. Pletnev, I. Samsonov, B. Zupnik
(2008)]. This formalism was presented in the talk of
I. Samsonov on this conference.

The action of the N = 3 abelian BF theory can be
constructed as the difference of two Chern-Simons ac-
tions

\ / d¢ du[(V T+ AT (W W D) — (VI AT (W W )]

_ %/d§_4[v++Wj++A++WJ+]

where the prepotentials V™" and A™" have opposite
parities. The fourth supersymmetry transformations
of these prepotentials are

54v++ — EQD2V++, 54A++ — —EaDgA++

This model can be also constructed in the N = 4 su-
perspace.



D =3, N = 4 general superspace 2,0, i k=1,2, a
1,2 is covariant with respect to the group SU.(2) X
SUg(2). We introduce left harmonics ;- and right har-
monics véi). The mirror map interchanges indices of

two groups
M SUL(2) < SURR), uf —v®), 63— 65

The N = 4 left harmonic superspace uses the har-

monics ujf and the analytic projection of the Grass-
mann coordinates 0% = —u™0? . It is analogous to

the D = 4, N = 2 harmonic superspace [A. Galperin,
E. Ivanov, S. Kalitzin, V. Ogievetsky, E. Sokatchev
(1984)]. The left gauge prepotential V" and its su-
perfield strength

Wab _ _iD—f—aoch—ly—bv——

are defined in different superspaces. The superfield
W = /WaWw,, plays the role of the superconformal
dilaton. The constants ¢ and C“ break down spon-
taneously the superconformal symmetry in the rep-
resentation W% = o(C*® + w®). We can construct the
superconformal generalization of the N = 4 superfield
abelian gauge action [B. Zupnik (1999)]

Sy = / Prd®0duW VY

The mirror N/ = 4 right harmonic superspace uses
the harmonics Uéi> and the corresponding projection
of the Grassmann coordinates ngf)a = —v(ﬂaﬁf{fa. The
mirror abelian prepotential A1) has the left analytic

superfield strength
LT (A) = —Lufu DOk DA D =,
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DWHH A=) = D) g D((;L)ZA(*JF) — 0
The action of the N = 4 superfield abelian BF theory

Spr = ﬁ/d<L4duV++L++<A)

In components, it connects fields of the mirror gauge
multiplets [R. Brooks, S.J. Gates (1994)]

Spr =03 / dPx(26™" A0, By — 3™ Yo — ANF Xy + 20500,

This term yields the non-trivial interaction of the left
and right abelian gauge multiplets in the M-invariant
action

SIQV + MSI(/)V + Spr

which describes the interactions of the topologically
massive gauge fields with the scalar and fermion fields.
The mixed scalar potential term is

2
P = — \/iﬁ /d3$[¢ab¢ab\/ /\MAM + AklAkl V ¢ab¢ab}

We can add interactions of the left hypermultiplet ¢"

and right hypermultiplet Q,(j) = Mg with the corre-
sponding gauge multiplets

S(q, V) = / a¢; dug! (D8 + (rs)iV g™,

5(Q.4) = MS(q,V) = [ dcl a@ Dt (A Q)



N = 6 general superspace z = (2",0%) wherea =1,...6
is the 6-vector index of the group SO(6). We analyze
the CS$ theory using the SO(6)/U(3) harmonics [P.S.
Howe, M.I. Leeming (1994)]

U=U"U,)

where a is the SO(6) vector index, +,— are the U(1)
charges, and k£ = 1,2,3 are indices of the spinor rep-
resentations of SU(3). The basic relations for these
harmonics are

utfutt =0, UMtU_- =6, U

- pr— O
ala )
UU, + U U = 5ab.

We treat the SO(6)/U(3) harmonics as real with respect
to the special ~ conjugation.
The SO(6) invariant harmonic derivatives are

0 ——k _ kilpy— 9
:8“ﬂgﬂ8U—’ 0 = Uiago

d 0 1 .0 d
‘H{i _ _ k +] _ -
(9 Ua aUH Ul“@U 351 (Ua anj Ujaana> y
0 _ 0

a++

N =U"N— U, ——.
“ou oU,

In the analytic basis (AB) of the SO(6)/U(3) harmonic
superspace, we introduce harmonic projections of the

N=06 spinor coordinates

H—I—ka _ eaU—Hf 9};04 _ ecolek—a

a a

and the corresponding analytic vector coordinates
y" = 2" +i(0ay"0) U U,
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where ~,, are the 3D gamma-matrices. The analytic
integral measure is pure imaginary and dimensionless

d,u(_ﬁ) _ dUd3yd9(_6), /de(—G)(g—i—l)Q(e—i—Q)?(e—l—?))Q — 1.

This integral measure is odd with respect to the P
parity transformation

Wyt vh) — =yt yh), 0T — ()50

The analytic-superspace representation of the har-
monic derivatives have the following form:

Dt =0t —ig (0400, — g0t 0.

where

___ 0 0
Oha = ggriar Oa" = g

The AB-representation of the spinor derivatives is
Dy =g, — 20" (7")agOn, DI =0

The analytic superfield gauge parameters satisfy the
conditions

DI A(C) =0, DIA=D'A=0

In the gauge group SU(n), we use the following co-
variant derivatives and the analytic prepotentials:

V=D VI, 05 =
lev}++ _ %5;€V7++ _ 6§W++? DOVk++ _ 2Vk++

The superfield action of the N=6 CS theory has the
following form in our notation:

Scs = é / d,u(_6)8kUTr {Vk++D;r+Vj++ 4 %V;JF[VTFJF, Vj++]}
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The corresponding classical equations of motion F,E;%) =

0 have the pure gauge solutions only.
The N = 6 BF theory contains interactions of V™"

with the second analytic gauge superfield B,
Bt =[BT, A, BT =D+ [V, 5]

where Y is the independent superfield matrix parame-
ter describing Abelian translations in the group space.

The corresponding superfield action has the follow-
ing form:

J

Spr =i / =T (BRI V)Y (0

The BF-action preserves the P parity if B/" is the
P-odd superfield.

The classical equations of the BF theory are

(+4) klj
Ey; (V)=0, ¢ jV;FJFB;TJF =0

They have the pure gauge solutions for both super-
fields.

The superconformal transformations SC§ of the N=6
analytic coordinates

5scym _ Cm + 9] ym 4+ gmannyr + (ynk,n)ym . %kam . QZ(EI;,Yme—I—k:)

—iwa U Uy (050 ) iy ™0 ie™ g, (0 ;).

508(9—1—16@ _ E—i-k:a + Lge—i—kﬁ 4 (9—1—1{:04 o wchb—l—kJUZZQ—Ha
—i—%ya59+mk57 4+ %yaﬁngk . ie+la9+k35nl—ﬁ7

05U = "NTUS,, 05Uy, =0,

N = jnlbkas0 0T a0t + Lo, U U,
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where ¢, L™, | and k" are parameters of the 3D con-
formal group, w,, are the SO(6) parameters, and the
harmonic projections of the odd parameters €, and 7}
are used

the Utk e =€, 't =ntutt, n =ntU,.

€ a’

The analytic integral measure is invariant with respect
to these transformations.

The SC} transformations of the harmonic derivatives
are

05 Df T = \TD), — 2\TDY, 5, D) =6, D’ =0

The superfield CS and BF actions are invariant with
respect to the superconformal transformations

0Vt =0, 6,.F Y =0, 6,.B*=0.

The Grassmann decompositions of the gauge BF-
superfield V,"" contain the vector gauge field plus an
infinite number of auxiliary fields

‘/]{—i——i— _ 5kjl<9+j’7m9+l>14m 4+ Z-@(—Hi)aﬁ’yUka "5 4 Z@(+3)laU \Ifa

a
where ve gy (@

We do not know how to describe interaction of this
CS prepotential with the N = 6 matter superfields.

(x) is the unusual auxiliary field.



The equivalent formalism of the AV = 6 CS theory
can be formulated in the A/ = 5 harmonic superspace
[Zupnik (2007)]. We used the SO(5)/U(2) harmonics

Uc{( — (U;iv Uc(L)v Uz;) — (U&H? Uc;ﬂ? Uc?? Ul_av UQ_a)

where a = 1,...5 is the vector index of the group SO(5),
i = 1,2 is the spinor index of the group SU(2), and
U(1)-charges are denoted by symbols +, —, 0. The basic
relations for these harmonics are

Ultutt=uud =0, U U, =UU’=0,

a wa —a

U;—i /-;L:(Slim Uc?Uc(L)Zl
We consider the SO(5) invariant harmonic derivatives

with nonzero U(1) charges

0 0

9% = U S~ Ulgme 07UL=U 9705, = o
ott = UzZ 83_7 [aﬂ" 8+k] _ 6kia++’ aHa;r — ot

The SO(5)/U(2) harmonics allow constructing projec-
tions of the spinor coordinates and the partial spinor
derivatives

0—1—2'04 _ U(j—i@g) 90@ _ UOHQ ei—a _ U.—QOé

a”’a? wna - a

We use the following representation of the vector co-
ordinate:

= 2™ 4+ i(0TFym0,)
and the harmonic derivatives in the AB representa-
tion:

D+k _ a—i—k: _ Z-(9+k,ym90)am + e—Hm(r)g . QOQa&H@’
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DY =0t + (00,0, + 0,70

The integration measure in the analytic superspace
du'=® has the dimension zero

) _ - S wadd-
dp'™ = dUdPx 4(8°)%(0:)* = dUdPz 4d6 ™Y

The gauge superfields (prepotentials) V(¢) and V()
in the harmonic SO(5)/U(2) superspace satisfy the Grass-
mann analyticity and U(2)-covariance conditions

D:;k\/% _ D;_kv—H_ =0, D;v—l—k _ 5§§‘/+i7 D§V++ _ 5‘;‘/—1——1—

We treat these prepotentials as connections in the co-
variant gauge derivatives

v—i—i _ D+i + ‘/'—I—z'7 v++ _ D++ + V++

The superfield action in the analytic SO(5)/U(2) super-
space is defined on three prepotentials V** and V**

Ses = % dp T (VDY oyt Dy
7
+432 TR Tar
HVT)TH VTV VY
The transformation of the sixth supersymmetry can
be defined on the analytic N'=5 superfields

6V =t DOV, GV = ed DOy TR
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