
On frame-like gauge invariant formulation
for mixed symmetry fields

Yu. M. Zinoviev

Institute for High Energy Physics, Protvino, Russia

22.05.2009

Yu. M. Zinoviev (IHEP, Protvino) Frame-like formulation for mixed fields SC4 22.05.2009 1 / 14



Outlook

1 Completely symmetric (spin-)tensors
Massless fields
Massive fields
Partially massless fields

2 Mixed symmetry (spin-)tensors
Massless fields
Massive fields
Partially massless fields

Yu. M. Zinoviev (IHEP, Protvino) Frame-like formulation for mixed fields SC4 22.05.2009 2 / 14



Outlook

1 Completely symmetric (spin-)tensors
Massless fields
Massive fields
Partially massless fields

2 Mixed symmetry (spin-)tensors
Massless fields
Massive fields
Partially massless fields

Yu. M. Zinoviev (IHEP, Protvino) Frame-like formulation for mixed fields SC4 22.05.2009 2 / 14



Completely symmetric (spin-)tensors Massless fields

Metric versus frame-like — bosons
Metric formulation — symmetric double traceless tensor Φµ1...µs

Gauge transformations:

δΦµ1...µs = ∂(µ1ξµ2...µs), gµ1µ2ξµ1µ2...µs−1 = 0

Frame-like formulation — symmetric traceless one form Φµ
a1...as−1

and auxiliary field Ωµ
a1...as−1,b. Gauge transformations:

δΦµ
a1...as−1 = ∂µξ

a1...as−1 + ηa1...as−1
µ, η(a1...as−1,b) = 0

δΩµ
a1...as−1,b = ∂µη

a1...as−1,b

Massless Lagrangian:

L0 =
{ µν

ab

}
[Ωµ

a(s−2),cΩν
b(s−2),c +

1
s − 1

Ωµ
(s−1),aΩν

(s−1),b]−

−
{ µνα

abc

}
Ωµ

a(s−2),b∂νΦα
c(s−2)

Yu. M. Zinoviev (IHEP, Protvino) Frame-like formulation for mixed fields SC4 22.05.2009 3 / 14



Completely symmetric (spin-)tensors Massless fields

Metric versus frame-like — fermions

Metric formulation — symmetric triple γ transverse spin-tensor
Ψµ1...µs . Gauge transformations:

δΨµ1...µs = ∂(µ1ξµ2...µs), γµ1ξµ1...νs−1 = 0

Frame-like formulation — symmetric γ transverse one form
Ψµ

a1...as−1 . Gauge transformations and massless Lagrangian:

δΨµ
a1...as−1 = ∂µξ

a1...as−1 + ηa1...as−1
µ, (γξ)a2...as−1 = 0

L0 =
i
2
{ µνα

abc

}
[Ψ̄µ

(s−1)γaγbγc∂νΨα
(s−1) −

−6(s − 1)Ψ̄µ
a(s−2)γb∂νΨα

c(s−2)]
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Completely symmetric (spin-)tensors Massive fields

Gauge invariance for massive fields
Bosons:

L ∼
s∑

k=0

[Ωk Ωk + Ωk∂Φk + m(Ωk Φk−1 + Ωk−1Φk ) + m2Φk Φk

δΦ ∼ ∂ξ + η + mξ, δΩ ∼ ∂η + mη + m2ξ

Fermions:

L ∼
s∑

k=0

[iΨ̄k ∂̂Ψk + m(Ψ̄k Ψk + iΨ̄kγΨk−1)]

δΨk ∼ ∂(1ξk−1) + m[iγ(1ξk−1) + ξk + g(2ξk−2)]

Φs -Φs−1 - r r r - Φk -Φk−1 - r r r - Φ0
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Completely symmetric (spin-)tensors Partially massless fields

(Partially) massless limits
Minkowski space

Φs Φs−1 r r r Φk Φk−1 r r r Φ0

Anti de Sitter space

Φs Φs−1 - r r r - Φk -Φk−1 - r r r - Φ0

De Sitter space

Φs -Φs−1 - r r r - Φk Φk−1 - r r r - Φ0
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Mixed symmetry (spin-)tensors Massless fields

Metric versus frame-like — bosons

Metric formulation
I Mixed symmetry tensor Φµ1...µk ,ν1...νl

I Two gauge transformations: ξµ1...µk ,ν1...νl−1 and ζµ1...µk−1,ν1...νl

I Reducibility: χµ1...µk−1,ν1...νl−1

Frame-like formulation
I Traceless two forms:

Φµν
a1...ak−1,b1...bl−1 , Ωµν

a1...ak−1,b1...bl−1,c

I Gauge transformations:

δΦµν
a1...ak−1,b1...bl−1 = ∂[µξν]

a1...ak−1,b1...bl−1 + η[µ
a1...ak−1,b1...bl−1

ν]

δΩµν
a1...ak−1,b1...bl−1,c = ∂[µην]

a1...ak−1,b1...bl−1,c

I Lagrangian:
L0 ∼ Ω ∧ Ω + Ω ∧ ∂ ∧ Φ
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Mixed symmetry (spin-)tensors Massless fields

Metric versus frame-like — fermions

Metric formulation
I Mixed symmetry spin-tensor Ψµ1...µk ,ν1...νl

I Two gauge transformations: ξµ1...µk ,ν1...νl−1 and ζµ1...µk−1,ν1...νl

I Reducibility: χµ1...µk−1,ν1...νl−1

Frame-like formulation
I γ-transverse two form:

Ψµν
a1...ak−1,b1...bl−1

I Gauge transformations:

δΦµν
a1...ak−1,b1...bl−1 = ∂[µξν]

a1...ak−1,b1...bl−1 + η[µ
a1...ak−1,b1...bl−1

ν]

I Lagrangian:
L0 ∼ Ψ̄ ∧ ∂ ∧Ψ
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Mixed symmetry (spin-)tensors Massive fields

General massive theory

Φk Φk−1 Φl+1 Φl- - - -r r r
Ψk ,1 Ψk−1,1 Ψl+1,1 Ψl,1- - - -r r r

Ψk ,l−1 Ψk−1,l−1 Ψl+1.l−1 Ψl,l−1- - - -r r r
Ψk ,l Ψk−1,l Ψl+1,l Rl,l- - - -r r r

?

?

?

?

rrr

?

?

?

?

rrr

?

?

?

?

rrr

?

?

?

?

rrr
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Mixed symmetry (spin-)tensors Partially massless fields

Unitary (partially) massless limit in anti de Sitter space

Φk Φk−1 Φl+1 Φl- - -r r r
Ψk ,1 Ψk−1,1 Ψl+1,1 Ψl,1- - -r r r

Ψk ,l−1 Ψk−1,l−1 Ψl+1.l−1 Ψl,l−1- - -r r r
Ψk ,l Ψk−1,l Ψl+1,l Rl,l- - -r r r

?

?

?

?

rrr

?

?

?

?

rrr

?

?

?

?

rrr

?

?

?

?

rrr
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Mixed symmetry (spin-)tensors Partially massless fields

Partially massless limits in anti de Sitter space

Φk

?

rrr
?

Ψk ,l

- r r r - Φm

- r r r - Ψm,l

?

rrr
?

Φm−1

?

rrr
?

Ψm−1,l

- r r r - Φl

- r r r - Rl,l

?

rrr
?
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Mixed symmetry (spin-)tensors Partially massless fields

(Partially) massless limit in de Sitter space

Φk

?

rrr
?

Ψk ,l−1

- r r r - Φl

- r r r - Ψl,l−1

?

rrr
?

Ψk ,l - r r r - Rl,l

Φl−1

Rl−1,l−1

?

rrr
?
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Mixed symmetry (spin-)tensors Partially massless fields

Φk

?

rrr
?

Ψk ,n

- r r r - Φl

- r r r - Ψl,n

?

rrr
?

Φl−1

?

rrr
?

Ψl−1,n

- r r r - Φn

- r r r - Rn,n

?

rrr
?

Ψk ,n+1

?

rrr
?

Ψk ,l

- r r r - Ψl,n+1

- r r r - Rl,l

?

rrr
?
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Conclusion

Conclusion

Frame-like formalism provides an elegant and convenient
framework for mixed symmetry (spin-)tensors as well as for
completely symmetric (spin-)tensors.
In all cases investigated gauge invariant formulation for massive
fields works equally well both in flat Minkowski space as well as in
(anti) de Sitter spaces and allows us investigate all possible
massless and partially massless limits
Main objective — search for the mechanism of spontaneous
symmetry breaking deforming interacting massless theories in anti
de Sitter space into massive ones in the Minkowski space
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