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Motivation

Gluon emission from fast partons produced in NN and AA collisions differs due to the
final-state interaction effects in the QGP.

In vacuum q ! qg splitting is suppressed at angles � �< Mq=E. It was suggested

[Dokshitzer and Kharzeev (2001)] that this “dead cone” effect should suppress the
induced gluon emission for heavy quarks in the QGP in AA-collisions as well.
Calculations for expanding finite-size QGP [BGZ (1998,2007)] within the light-cone path
integral approach (LCPI) [BGZ (1996,1997,1999)] give �Eb > �E
 > �Eu at sufficiently
high energies (� 100 GeV). The RHIC data on the electrons from charm and bottom
quarks decays say that the energy loss of heavy quark may be similar to that for light
quarks. But charm and bottom are not separated yet. SC4 { p.2



Bethe-Heitler cross section and LCWF
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For a! b
 Lf � 2Exbx
=�2 with �2 = m2bx
 +m2
xb �m2axbx
 . At Lf � a (a is the

screening radius, in QED a � rB=Z1=3) the Bethe-Heitler cross section in QED and QCD
can be written in terms of LCWF [Nikolaev, Piller, BGZ (1995)]japhysi = jai+	b
a (~�; x)jb
i ) ^Sjaphysi = Safjaphysi+ [S�ab
 � 1℄	b
a (~�; x)jb
ig

for a! b
 d�BH(x)dx = Z d~� j �(~�; x)j2��ab
(�; x)) d�=dx / Pba(x)=�2

for non-flip part of �(e ! 
e)) „d�dx «BHnf � 4�3Z2[4� 4x + 2x2℄3m2ex log (2ame)
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Brief review of the LCPI approach
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The S-matrix element of the q ! gq0 transition is written in standard formhgq0j^Sjqi = �ig Z dy � q0(y)
�A��(y) q(y) :
The quark wave function is written in the form i (y) = exp[�iEi (t � z)℄^u��i (z; ~�)=p2Ei , � is quark helicity, ^u� is the Dirac spinor
operator. The gluon wave function is written in a similar way. The z -dependence of the
transverse wave functions �i is governed by the two-dimensional Schrödinger equation

i ��i (z; ~�)�z = n (~p � g ~G)2 +m2q2�i + g(G0 � G3)o�i(z; ~�) ;G is the external vector potential (the color indexes are omitted), �i = Ei . SC4 { p.4



The transverse part ~G can be ignored for gauges with potential vanishing at large
distances. Thus we have a Schrödinger equation with “time”-dependent potentialU = g(G0 � G3).
The z -evolution of �i can be written in terms of the Green’s function as�i (z2; ~�2) = Z d~�1Ki(~�2; z2j~�1; z1)�i (z1; ~�1)) One can write the cross section in terms of the initial (z = zi ) and final (z = zf )
transverse density matrices and the Green’s functions K and K�.
The Green’s functions are written in the path integral form

Ki(~�2; z2j~�1; z1) = Z D~� exp(i Z dz »�i(d~�=dz)22 � U(~�; z)–� im2i (z2 � z1)2�i )

In calculation of the gluon spectrum / hhjhq0gjMjqij2ii the averaging over the medium
states hh ii is performed before the path integration.
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Diagrammatic representation

x − spectrum

x, pT − spectrum
x − spectrum

z1

z2

z2z1

The graph for the x-spectrum can be obtained from that for the (x; pT )-spectrum with the
help of the relation

Z d~�2K(~�2; z2j~�1; z1)K�(~�2; z2j~� 01; z1) = Æ(~�1 � ~� 01) :

The path integration over the center of mass coordinates can be carried out analytically.
The only dynamical coordinate is ~� = ~�g � ~�q
q q̄ g

ρ(1−x)ρx ) q�qg � j88i at x ! 0, q�qg � j�33i at x ! 1.
The LCPI formalism can be derived from the Feynman diagram technique. [ Aurenche,
BGZ, Zaraket (2008)] SC4 { p.6



The formulas for a static medium

= nσ3(ρ, x)/2, σ3 =

z1 z2

The Hamiltonian for the dressed Green’s function describing the internal dynamics of theq�qg state reads H = ~q 22�(x) � i n(z)�3(�; x; z)2 + 1Lf�(x) = Eqx(1� x), Lf = 2Eqx(1� x)=�2 is the gluon formation length in the
Bethe-Heitler regime, �2 = [m2qx2 +m2g(1� x)℄, �3 = �q�qg . The three-body cross
section can be written in terms of the dipole cross section �2 = �q�q�3(�; x; z) = 98 [�2(�; z) + �2((1� x)�; z)℄� 18�2(x�; z) : SC4 { p.7



�2(�) = CTCF�2s Z d~q [1� exp(i ~q ~�)℄(~q 2 +m2D)2 :�2(�) = C2(�)�2, C2(�) is smooth for �� 1=mDC2(�) � CFCT�s�22 log„ 1�mD« :
The Hamiltonian takes the oscillator form if one neglects �-dependence of C2(�) and
replaces it by C2(�ef f ). The oscillator frequency reads


(z) = (1� i)p2 „n(z)C3(x; z)Eqx(1� x) «1=2 ;

C3(x; z) = 18 ˘9[1 + (1� x)2℄� x2¯C2 : The OA is used in BDMPS calculations (for
massless partons), C2 = ^qCF =2nCA [Baier, Dokshitzer, Mueller, Peigne, Schiff (1997)].

The oscillator approximation is clearly not good in the BH regime when �ef f � 1=�. One

could expect that the OA should be applicable when �ef f � 1=�. In reality this is not the

case when L �< Lf . SC4 { p.8



Analytically the induced gluon spectrum for a quark produced at z = 0 readsdPdx = 2Re

1

Z0 dz1 1

Zz1 dz2g(z1; z2; x) [K(~�2; z2j~�1; z1)�Kv (~�2; z2j~�1; z1)℄ ˛˛˛~�1=~�2=0 ;g(z1; z2; x) = �sPGq(x)2�2(x) ��~�2 � ��~�1 ; PGq(x) = CF [1 + (1� x)2℄x :
For L =1 describing interaction with QGP in HTL technique one can obtain from the
LCPI formulation the AMY [Arnold, Moore, Yaffe (2002)] form in momentum space
[Aurenche, BGZ (2007)].dP=dx can also be written in terms of the q�qg light-cone wave function
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Effective Bethe-Heitler cross section

dPdx = L

Z0 dz n(z)d�BHef f (x; z)dx ;

d�BHef f (x; z)dx = Re
Z d~� �(~�; x)�3(�; x; z) m(~�; x; z) ;

where  (~�; x) is the LCWF for the q ! qg transition in vacuum, and  m(~�; x; z) is the
in-medium finite-size modified LCWF for q ! qg transition in medium at the longitudinal
coordinate z . In the low density limit and z !1  m(~�; x; z) =  (~�; x), and the effective
cross section equals the Bethe-Heitler cross section for a quark incident on an isolated
color center, d�BH(x)=dx . At z ! 0d�BHef f (x; z)dx .d�BH(x)dx / z :
This is a direct consequence of the Schrödinger diffusion relation �2 � z=� for the
transverse size of the qg Fock component of the quark produced at z = 0. This effect is
responsible for the L2-dependence of �Eq at Eq !1. In QED the situations is the
same.
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Qualitative pattern of induced gluon emission

The Schrödinger diffusion relation �2 � l=� relates the typical transverse and
longitudinal scales. In an infinite medium�1ef f � min(�BH; �LPM) l1ef f � (�1ef f )2��BH = 1=�, lBH = 2Ex(1� x)=�2 (BH regime, weak LPM effect)�LPM = [Ex(1� x)nC3℄�1=4, lLPM =pEx(1� x)=nC3 (strong LPM effect).

For a finite-size matter two situations are possible.

Infinite medium regime: L �> l1f , and �ef f � �1ef f . The spectrum can roughly be

calculated using the effective BH cross section for an infinite medium. There can
exist a region with strong LPM effect (number of rescatterings N � 1) withdP=dx / x�3=2. But at x ! 0;1 we always have the BH regime (N = 1

dominates).

Diffusion regime: L �< l1f �ef f � �d(L) (�d(L) =pL=2� is the diffusion radius).

The effective BH cross section is chiefly controlled by the finite-size effects. TheN = 1 term dominates, the LPM suppression is small.
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Infinite medium regime in the OA

dPdxdL = n d�BHOAdx S(�) ; d�BHOAdx = 4�sC3(x)(4� 4x + 2x2)9�x [m2qx2 +m2g(1� x)℄ ;� = Lf j
j = [4nC3(x)Eqx(1� x)℄1=2m2qx2 +m2g(1� x) ; � � 1 BH regime; � � 1 strong LPM effect:

S(�) = 3�p2 1

Z0 dy „ 1y2 � 1sh2y « exp„� y�p2«»
os„ y�p2«+ sin„ y�p2«– :

At � � 1 S(�) � 3�p2 “1� ��2p2”. The leading term gives mass independent spectrumdPdxdL � �S(4� 4x + 2x2)3� s 2nC3(x)Eqx3(1� x) ; [BGZ (1996)]:

The factor
“1� ��2p2” gives the heavy-to-light K-factor (strong LPM regime)

K � 1� �2p2 (M2Q �m2q)x3=2
p2E(1� x)nC3(x) 0

@KDK = "1 + M2Qx3=2

p18EnC2=4#�2Dokshitzer, Kharzeev (2001)

1
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For massless partons the OA for finite medium gives [BDMPS (1997)]dPBDMPSdx = �sPGq(x)� log j 
os
Lj

) dPBDMPSdx � �sPGq(x)16� L4C23n2[x(1� x)E℄2 ) It is N = 2 rescattering! [BGZ, (2001)]

The mass effects gives nonzero N = 1 term, but for massless partons it vanishes.
The OA is equivalent to the collinear expansion in the higher twist method [Wang, Guo
(2001); Zhang, Wang (2003)]. The nonzero N = 1 for massless partons obtained in
papers by Wang, Guo and Zhang is a consequence of trivial mistakes [Aurenche, BGZ,
Zaraket (2008)].
The N = 1 can also be calculated using the momentum representation.

Each diagram can be calculated as hb
jMjai / R dzd~���b(z; ~�)��
(z; ~�)�a(z; ~�) with the

plane wave functions with sharp ~pT change at the rescattering point SC4 { p.13



N = 1 term in momentum representation

d�BHef f (x; z)dx = �3sPGq(x)�2CF [F (1; z) + F (1� x; z)� F (x; z)=9℄ ;

F (y; z) = Z d~k(~k 2 +m2D)2H(y~k; ~p)�ˆ1� 
os `(~p 2 + �2)�2d(z)´˜ ; �2d(z) = z2Ex(1� x) ;H(~k; ~p) = ~p 2(~p 2 + �2)2 � (~p � ~k)~p(~p 2 + �2)((~p � ~k)2 + �2) ; hH(~k; ~p)i�=0 = �(k � p)p2F = F0 + ÆF , F0 = F (� = 0), ÆF is mass correction.
The momentum integration gives for � = 0 F0(y; z) = �3y2�2d(z)=2. There is no any log

terms! LLA fails since for � = 0 r2kH(~k; ~p) = 0. Integration over the position of the

rescattering gives dP=dx / L2dPN=1dx ˛

˛

˛�=0 = �nL2�3sPGq(x)[1 + (1� x)2 � x2=9℄8CFEx(1� x)

The Debye mass does not appear in the spectrum! In massless limit the mass scale is
given by 1=�d(z). The photon spectrum has the same L2-dpendence! [BGZ
(2001,2004)]. SC4 { p.14



Mass correction

ÆF � �2�2�4dy22 (2 log2 1�2�2d !+ log 1�2�2d ! log �2y4m4D�2d !� 3 log 1�2�2d !

� y2m2D�2 log 1�2�2d !) � 3�2�2�4dy22 log2 1�2�2d ! for log 1�2�2d !� 1 :) The mass correction to Æ(dP=dx) is / L3 and positive

Æ dPN=1dx = �3sPGq(x)[1 + (1� x)2 � x2=9℄Ln�2�4d(L)2CF log2 1�2�2d(L)! :

In the OA mass correction also has an anomalous mass dependence. To obtain N = 1

term in the OA one should make replacement1(~k2 +m2D)2 ) 2^qÆ(~k)n�2sCACTdPOAN=1dx = 4^qL�sPGq(x)[1 + (1� x)2 � x2=9℄�2�4d (L)6�CACF log 1�2�2d(L)! SC4 { p.15



Mass dependence and LCWF in � space

d�ef f (x; z)dx = Re
Z d~� �2 �(~�; x)„�3(�; x)�2 « m(~�; x; z) ;�j (~�; x)j / exp(���), �j m(~�; x; z =1)j / exp(��p��) and the integrand is

smooth like that for the BH cross section. At z �< Lf  m(�; x; z) oscilates. This can give

anomalous mass dependence of the spectrum.

0 2 4
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Finite-size LCWF.  ζ= ρz/L  ,f in 1/     unitsε
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Numerical calculationsd�BHef f (x; z)dx = Re

z

Z0 dz1 1

Zz dz2 Z d~� g(x)Kv (z2; ~�2jz; ~�)�3(�)K(z; ~�jz1; ~�1)˛˛˛~�1=~�2=0 :
For the vacuum Green’s function z2-integration comes up to infinity. The integral equals
the LCWF with the azimuthal quantum number m = �1  (~�; x) / K1(��) exp(im�). It
allows one to represent the effective Bethe-Heitler cross section in the form [BGZ (2004)]d�BHef f (x; z)dx = ��sPGq(x)��(x) Im

z
Z0 d� ��� „F (�; �)p� «˛

˛

˛

˛�=0 ;F is the solution to the radial Schrödinger equation for m = 1

i �F (�; �)�� = "� 12�(x) „ ���«2 � i n(z � �)�3(�)2 + 4m2 � 18�(x)�2 + 1Lf #F (�; �) :

with the boundary condition F (� = 0; �) = p��3(�)�K1(��). We solve the Schrödinger
equation back in time. It allows one to have a smooth boundary condition.

We take �s = 0:4, QGP temperature T = 250 MeV, mu = 0:3, m
 = 1:5, mb = 4:5,mg = 0:4 GeV, mD = p2mg . In the OA we use ^q = 0:3 GeV3 SC4 { p.17
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Conclusions:

The finite-size effects can lead to an enhancement of the gluon emission from
heavy quarks as compared to that from the light quarks.

The effect is connected with oscillations of the in-medium finite-size modified
LCWF. The finite-size effect becomes small only at L �> (5� 10)Lf . The

anomalous mass dependence is demonstrated explicitely by calculations of theN = 1 rescattering term in momentum representation.

For RHIC conditions the gluon emission from the 
-quark is very similar to that
from the light quarks. At the E �> 100 GeV b-quark radiates stronger than 
 and

light quarks at x �< 0:5.

The results of our calculations in the OA disagree strongly with
Dokshitzer-Kharzeev estimates obtained neglecting the finite-size effects.
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