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Witten’s U(1)×U(1) model ’85
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Vacuum: |φ1| = η1, φ2 = 0⇒ A
(2)
µ is massless

A
(2)
µ = φ2 = 0⇒ ANO vortex made of A(1)

µ , φ1

Unstable, relaxes to dressed vortex with φ2 6= 0

Phase excitation of φ2 6= 0⇒ superconducting string

Jµ = ∂νF
(2)
νµ 6= 0
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Witten’s superconducting strings

A(1) = (n− v(ρ)) dϕ, φ1 = f1(ρ)e
inϕ,

A(2) = (σ0dt+ σ3dz) (1− u(ρ)), φ2 = f2(ρ)e
iσ0t+iσ3z,

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3  3.5
 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3  3.5
 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3  3.5

ln(1 + ρ)ln(1 + ρ)ln(1 + ρ)

f1f1f1

f2f2f2

vvv

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.5  1  1.5  2  2.5  3
 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.5  1  1.5  2  2.5  3
 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.5  1  1.5  2  2.5  3
 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.5  1  1.5  2  2.5  3

ln(1 + ρ)ln(1 + ρ)ln(1 + ρ)ln(1 + ρ)

uuuu

f1f1f1f1

f2f2f2f2

vvvv

twist σ2 = σ2
3 − σ2

0 > 0 magneitc; σ2 < 0 electric; σ2 = 0 chiral
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Current quenching
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Witten’s model ∈ GUT theories⇒ Imax ∼ 1020 Amperes
⇒ cosmological applications
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Electroweak vacuum polarization

Higgs vacuum for B < m2
w/e

electroweak condensate for m2
w/e < B < m2

h/e

symmetry restoration for B > m2
h/e

Ambjorn and Olesen ’89
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What about electroweak theory ?

It contains two complex scalars that could be the vortex
field and condensate field

U(1)×U(1) is contained in SU(2)×U(1)

Z strings = embedded ANO vortices /Vachaspati ’93/

unstable but non-topological⇒ relax to zero

no dressed strings /Achucarro et al ’94/

⇒ no superconducting strings ???

loophole: one can have superconducting strings without
dressed strings
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Weinberg-Salam theory

L = − 1
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Wa
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µ + ǫabcW
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2
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Φ.

g = cos θw, g′ = sin θw, mz = 1/
√

2,

mw = mz cos θw, β =

(

mh

mz

)2

1.5 ≤ β ≤ 3.5
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Field equations

∂µB
µν = g′2ℜ(iΦ†DνΦ) ,

∂µW
µν
a + ǫabcW

b
σW

cσν = g2ℜ(iΦ†τaDνΦ) ,

DµD
µΦ =

β

4
(Φ†Φ− 1)Φ.

na = Φ†τaΦ/(Φ†Φ)⇒ electromagnetic, Z fields /Nambu ’77/

Fµν =
g

g′
Bµν −

g′

g
naWa

µν , Zµν = Bµν + naWa
µν ,

⇒ electromagnetic current density

Jµ = ∂νFνµ
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Vortex symmetries

symmetry generators

K(t) =
∂

∂t
, K(z) =

∂

∂z
, K(ϕ) =

∂

∂ϕ

⇒ energy, momentum, angular momentum
∫

T 0
µK

µ

(t)
d2x,

∫

T 0
µK

µ

(z)
d2x,

∫

T 0
µK

µ

(ϕ)
d2x,

electric charge and current (α = 0, 3)

Iα =

∫

Jαd2x

Superconducting non-Abelian strings in Weinberg-Salam theory –electroweak thunderbolts – p.10/41



Field ansatz

Symmetries commute⇒ ∃ a gauge where the fields
depend only on ρ. With σα = (σ0, σ3)

W = u(ρ)σαdx
α − v(ρ) dϕ+ τ1 [u1(ρ)σαdx

α − v1(ρ) dϕ]

+ τ3 [u3(ρ)σαdx
α − v3(ρ) dϕ], Φ =

(

f1(ρ)

f2(ρ)

)

Wρ = 0 – gauge condition

W =W∗, Φ = Φ∗

Boosts along z = x3 axis

Residual global symmetry (f1 + if2)→ e
i

2
Γ(f1 + if2),

(u1 + iu3)→ e−iΓ(u1 + iu3), (v1 + iv3)→ e−iΓ(v1 + iv3)
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U(1) + Higgs equations

1

ρ
(ρu′)′ =

g′ 2

2



(u + u3)f2

1 + 2 u1f1f2 + (u − u3)f2

2

ff

,

ρ

„

v′

ρ

«

′

=
g′ 2

2



(v + v3)f2

1 + 2 v1f1f2 + (v − v3)f2

2

ff

,

1

ρ
(ρf ′

1)′ =



σ2

4

ˆ

(u + u3)
2 + u2

1

˜

+
1

4ρ2

ˆ

(v + v3)2 + v2

1

˜

+
β

4
(f2

1 + f2

2 − 1)

ff

f1

+

„

σ2

2
uu1 +

1

2ρ2
vv1

«

f2,

1

ρ
(ρf ′

2)′ =



σ2

4

ˆ

(u − u3)
2 + u2

1

˜

+
1

4ρ2

ˆ

(v − v3)2 + v2

1

˜

+
β

4
(f2

1 + f2

2 − 1)

ff

f2

+

„

σ2

2
uu1 +

1

2ρ2
vv1

«

f1.

σ2 = σ2
3 − σ2

0

Superconducting non-Abelian strings in Weinberg-Salam theory –electroweak thunderbolts – p.12/41



SU(2) equations
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Boundary conditions

At the symmetry axis, ρ = 0, the fields are regular,
energy density is finite.

At infinity, ρ→∞, one has the Biot-Savart field of an
infinitely long electric wire:

Aµ =
Q

gg′
σαdx

α ln
ρ

ρ0
+ C dϕ

⇒ Zµ = 0, W
±
µ = 0, Φ =

(

1

0

)

The current of the wire

Iα = −2πQ

gg′
σα

Superconducting non-Abelian strings in Weinberg-Salam theory –electroweak thunderbolts – p.14/41



Local solutions at the origin

u = a1 + . . . , u1 = a2ρ
ν + . . . , u3 = 1 + . . . ,

v1 = O(ρν+2), v3 = ν + a3 ρ
2 + . . . , v = 2n− ν + a4 ρ

2 + . . . ,

f1 = a5 ρ
n + . . . , f2 = qρ|n−ν| + . . . ,

n, ν ∈ Z. Regular gauge

W =
{

u(ρ) + 1 + τ1
ψ u1(ρ) + τ3[u3(ρ)− 1]

}

σαdx
α

+
{

2n− ν − v(ρ)− τ1
ψ v1(ρ) + τ3 [ν − v3(ρ)]

}

dϕ,

Φ =

[

einϕf1(ρ)

ei(n−ν)ϕ+i σαx
α

f2(ρ)

]
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Infinity = Biot-Savart+corrections

u = Q ln ρ+ c1 +
c3g

′2

√
ρ
e−mzρ + . . .

v = c2 + c4g
′2√ρ e−mzρ + . . .

u1 + iu3 = e−iγ
{

c7√
ρ
e−

R

mσdρ + i [−Q ln ρ− c1 +
c3g

2

√
ρ
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}

+ . . .

v1 + iv3 = e−iγ
{

c8
√
ρ e−

R

mσdρ + i [−c2 + c4g
2√ρ e−mzρ]

}

+ . . .

f1 + if2 = e
i

2
γ

{

1 +
c5√
ρ
e−mhρ + i

c6√
ρ
e−

R

mσdρ

}

+ . . .

mσ =
√

m2
w + σ2(Q ln ρ+ c1)2 ⇒ σ2 ≥ 0
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Global solutions

numerically propagating the local solutions at small and
large ρ and matching them at ρ ∼ 1 within the multiple
shooting method.

there are 16 matching conditions and 17 parameters to
resolve them: a1, . . . , a5 and q at the origin, also
c1, . . . , c8, Q, γ at infinity and also σ2.

there is one parameter left to label the global solutions:
q = f2(0).

q = 0⇒ zero current Z strings
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q = f2(ρ) = 0⇒ Z strings

WZ = 2(g′2 + g2τ3)(n− vANO(ρ)) dϕ, ΦZ =

(

einϕfANO(ρ)

0

)

.

1

ρ
(ρf ′ANO)′ =

(

v2
ANO

ρ2
+
β

4
(f2

ANO − 1)

)

fANO ,

ρ

(

v′ANO

ρ

)′

=
1

2
f2

ANO vANO,

0← fANO → 1, n← vANO → 0

n = 1, 2, . . .
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q = f2(0)≪ 1⇒ small currents

small Z string deformations, (W,Φ) = (WZ ,ΦZ) + (δW, δΦ),

(δW, δΦ) ∼ eiσαx
α

Ψ(ρ)

⇒ eigenvalue problem

Ψ′′ = (σ2 + VZ [β, θw, n, ν, ρ])Ψ,

⇒ 2n bound states labeled by ν = 1, 2, . . . 2n

Ψ ∼ exp(−mσρ), m2
σ = m2

w + σ2

⇒ small deformations of Z strings by a spacelike (σ2 > 0),
timelke (−m2

w < σ2 < 0), or isotropic (σ2 = 0) current Iα ∼ σα
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σ2(n, ν)-eigenvalue (β = 2)
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Chiral solutions
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Generic q = f2(0)
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Generic superconducting vortices

are globally regular, with a regular vortex core condaining
massive W-condensate that creates a current. The current
produces a Biot-Savart field outside the core.

Exist for any value of mh and for any sin2 θw ∈ [0, 1]

Comprise a four parameter family labeled by q, n, ν, σ0.
Related to these are the current, momentum, angular
momentum, magnetic and Z fluxes of the vortex.

When current tends to zero, they reduce to Z-strings.
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Current I/I0 = I
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I0 = cΦ0 = c× 52.68× 109 Volts = 1.75× 109 Amperes.
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σ2(I), γ(I)
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Fluxes
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The electromagnetic flux ΨF /ν and Z-flux ΨZ/(4πn) against

the current for the vortices with β = 2, sin2 θw = 0.23.
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Large current limit σ → 0

-15

-10

-5

 0

 5

 10

 15

 0  0.5  1  1.5  2  2.5  3

y

-15

-10

-5

 0

 5

 10

 15

 0  0.5  1  1.5  2  2.5  3

y

-15

-10

-5

 0

 5

 10

 15

 0  0.5  1  1.5  2  2.5  3

y

ln(1 + ρ)ln(1 + ρ)ln(1 + ρ)

u3u3u3

σu1σu1σu1

σuσuσu

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3
y

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3
y

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3
y

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3
y

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3
y

ln(1 + ρ)ln(1 + ρ)ln(1 + ρ)ln(1 + ρ)ln(1 + ρ)

vvvvv

v1v1v1v1v1

v3v3v3v3v3

f1, f2f1, f2f1, f2f1, f2f1, f2

profiles for β = 2, g′2 = 0.23, n = ν = 1 and σ = 0.008.

Superconducting non-Abelian strings in Weinberg-Salam theory –electroweak thunderbolts – p.27/41



Central condensate region,ρ < 4/λ

Bµ ≈const., Φ ≈ 0⇒ pure Yang-Mills L = − 1
4g2 Wa

µνW
aµν

Yang-Mills string: τaWa
νdx

µ = τ1λU1(λρ)dz + τ3V3(λρ)dϕ.

x

(

V ′
3

x

)′

= U2
1V3,

1

x
(xU ′

1)
′ =

V 2
3

x2
U1 ← current density
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External region, ρ > 4/λ

Aµ =
g

g′
Bµ −

g′

g
W1

µ, Zµ = Bµ + W1
µ, φ1 ≈ φ2 ≡ φ

L = −1

4
(Fµν)

2 − 1

4
(Zµν)

2 + |(∂µ −
i

2
Zµ)φ|2 −

β

8
(|φ|2 − 1)2

A = (a+ b ln ρ)dz + g2dϕ, Z = U(ρ)dz + V (ρ)dϕ, φ = f(ρ)

1

ρ
(ρf ′)′ =

(

U2 +
V 2

ρ2
+
β

4
(f2 − 1)

)

f

ρ

(

V ′

ρ

)′

=
1

2
f2V

1

ρ
(ρU ′)′ =

1

2
f2U
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Matching at ρ = 4/λ
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Inner structure of large I vortex
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Vortex cross section

No need of GUT-originating Witten’s string
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Semilocal limit θw = π/2

L = −1

4
BµνB

µν + (DµΦ)†DµΦ− β

8

(

Φ†Φ− 1
)2
,

only massive fields⇒ no longrange modes⇒ finite energy,
current is global
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Isospin limit θw = 0

L = −1

4
Wa
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aµν + (DµΦ)†DµΦ− β
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Chiral solutions, σ2 = 0. Non-generic !

⇒ σ0 = ±σ3 in particular σα = 0⇒ finite energy.
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chiral versus Z string for n = 4, ν = 7, β = 2, g′2 = 0.23.
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Stability in the semilocal limit, θw = π/2

L = −1

4
BµνB

µν + (DµΦ)†DµΦ− β

8

(

Φ†Φ− 1
)2
,

Φ→ Φ + δΦ, Bµ → Bµ + δBµ, δB0 = 0

δΦ1 = eiNϕδΦ̃1, δΦ2 = eiσzδΦ̃2,

δΦ̃a =
∑

ω,κ,m

cos(ωt+mϕ+ κz) (φω,κ,ma (ρ) + iψω,κ,ma (ρ))

+ sin(ωt+mϕ+ κz) (πω,κ,ma (ρ) + iνω,κ,ma (ρ)) ,

δAµ =
∑

ω,κ,m

ξω,κ,mµ (ρ) cos(ωt+mϕ+ κz)

+ χω,κ,mµ (ρ) sin(ωt+mϕ+ κz)
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Perturbation equations

Variables separate to give a Schrodinger system

−Ψ′′ + Um,κΨ = ω2Ψ ,

Ψ(ρ) is a 6-component vector, Um,κ is a potential matrix
determined by the background fields.

solutions with ω2 < 0⇒ unstable modes
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∃ only one negative mode

proportional to exp{ikz}

λ

z

R0 r(z)

= 2π/k

where k < σ ⇒
λ > λmin(I) =

2π

σ

⇒ one can eliminate the instability by imposing periodic
boundary conditions with period L < λmin(I)!
This does not work if I = 0 due to the homogeneous mode
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Conclusion of the stability analysis

Short vortex segments stable – no room to
accommodate inhomogeneous unstable modes.

The length of stable segments increases with current
and tends to infinity for I → ∞.

Hydrodynamical analogy: Plateau-Rayleigh instability of
a water jet: if the jet is long enough, ripples appear.

It seems that the same conclusions apply for any θw.

Perhaps small vortex loops are stable ?
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Electroweak thunderbolts

Z strings are non-topological – can exist as finite segments.
Current carrying vortices can perhaps also exist as finite
segments joining electrically polarized regions of space –
‘thunderbolts between clouds’.
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Summary

New type of solutions describing vortices carrying a
constant electric current is constructed in the
electroweak sector of Standard Model.

The vortex current can typically attain billions of
Amperes, and there seem to be no upper bound for it.

For large currents the electroweak gauge symmetry is
completely restored inside the vortex by a very strong
magnetic field.

Short vortex segments whose length increases with
current are stable. Could perhaps transfer charge
between different regions of space (? thunderbolts? )

Loops made of stable segments could perhaps be
stable (?? stable electroweak solitons ??)
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