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To specity different types of cosmic fluids one usually uses a phenomeno-
logical relation between the pressure density p and the energy density p,
corresponding to each component of fluid

p = wo,
where w is the state parameter:
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Contemporary experiments, including WMARP, give strong support that at
present time the dark energy state parameter is close to —1: wpp = —1£0.2.

We consider the case wpg < —1. Null energy condition (NEC) is violated
and there are problems of instability. A possible way to evade the insta-
bility problem for models with wpr < —1 is to yield a phantom model as
an effective one, arising from a more fundamental theory, for example, the
string field theory (I.Ya. Aref’eva, astro-ph/0410443, 2004). The
concerned models are string field theory approximations.



1 Exactly solvable DE Dominate Model

(I.Ya. Aref’eva, A.S. Koshelev, and S.Yu. Vernov, Theor. Math. Phys. 148
(2006) 895-909, astro-ph/0412619).

This is a model of Einstein gravity interacting with a single phantom scalar
field in the spatially flat Friedmann Universe:
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M, = 1/(87Gy) is the Planck mass, M, is a string mass and g, is a
dimensionless open string coupling constant.
Coordinates (¢, z;) and field ¢ are dimensionless.

ds* = — dt* + a*(t)(dw] + dos + dz?).
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The equation of motion for the field ¢ is
é+3Hp— V] =0,

Equation (4) is a consequence system (3).

System (3) is not integrable. We can find only special solutions.

It is easy to check that for
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there exists the solution:

V(g) = (342 —¢%)°.

¢(t) = Atanh(wt).
Is the obtained solution stable?
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Figure 1: Potential —V'(¢) for various values of ml%
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A few known facts about stability

Let us remind a few facts about stability of solutions for
U = Fr(y), k=12 ...,N. (5)
By definition a solution yy(t) is attractive if
lg(t) = yo@)| =0 at ¢ — oo (6)

for all solutions g(t) that start close enough to yo(t).
If all solutions of the dynamical system that start out near a fixed (equi-
librium) point yy,
Fk(?Jf) =0, <7>

stay near ys forever, then yr is a Lyapunov stable point.

It all solutions that start out near the equilibrium point y¢ converge to yy,
then the fixed point y¢ is an asymptotically stable one.

A solution yo(t) of (5), which tends to the fixed point yy, is attractive if
and only if the point y is asymptotically stable.



The Lyapunov theorem states that to prove the stability of fixed point
ys of nonlinear system (5) it is sufficient to prove the stability of this fixed
point for the corresponding linearized system

. OFi(y)
r = AZC, Aik = a—ykly:yf. (8)

The stability of the linear system means that real parts of all roots A; of the
characteristic equations

det(Ay; — )| =0 (9)

are negative.
If there exist such A\, that its real part is positive, then the fixed point is
unstable.



The gravitational one-field model

Let us consider the gravitational model with a scalar field ¢ and an arbitrary
potential V' (¢), described by action:

S = /d4x\/—g ( o gg“”(%¢6’,,¢ — V(o) — A) . (10)
In the FRW metric equations are

167TGN 2

2H + 3H? = —87Gy <02& —Vi(p) — /\) , (11)
3H? = 87Gy (C’f + V(¢) + /\) . (12)

The equation of motion for ¢(t) is the following
3(6) + BH(D)(1) + ZVi(6) =0, (13

where V) = %' This equation is in fact a consequence of system (11)—(12).
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System (11)—(13) can be considered as the following system of the first
order equations:

H(t)= — §H2 — 47G y (CTW —V(¢) — A) ,
o(t) = (1), (14)
9(t) = — BH()() — 5VI(6)

Equation (12) connects the following integral of motion of system (14) to
the cosmological constant:

_ 3 2 g 2 _
h=ggH (sz +V(¢)>_A. (15)

We are interested in the stability of kink-type solutions.
The Hubble parameter H(t) tends to a finite level at t — 4o0.
In this case ¢(t) tends to a finite level as well.

There exists a fixed point yy = (H, ¢4, v ;), which corresponds to ¢ = +o0.
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[t is easy to see that

=0, Vié)=0,  H}= rGu(A+V(e)).  (16)
To analyse the stability of y¢ we present solutions in the following form:
H = H; +¢eh(t) + O(e) (17a)
6= b5 +2p(t) + O (17b)
Y =ex(t) + O(eY), (17c)

where € is a small parameter.
To first order in € we obtain the following system of the equations:

h(t) = —3H h(t) (18a)
b(t) = x(1) (15h)
(1) = ~3Hpx(t) — 5V/(65)p (15¢)

The equation (18a) has the solution
h(t) = bpe 117, (19)
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where by 1s a constant.
From (18b-18c¢) we obtain the following solutions:

o at VJ ((bf) # 0 and V] ((bf) + %H]%:

_3 2_4 1 —
o(t) = Die Q(Hf+\/Hf 90V¢(¢f))t+D26

[\ [OV

(Hf‘v%ﬁ—i%Vyvat, (20)

o at V' (¢;) = - Hj

o(t) = e 2H12(Dy + Dot), (21)
o at V(;/ (¢f) — O7
= 1 —3H .t
t) = D) — ——Doe s 22

where Dl, D¢ and D, are arbitrary constants.
Using the Lyapunov theorem we state that fixed point y is asymptotically
stable and, therefore, the exact kink-type solution yy(t) is stable if:

V (6;)
C

>0 and H;>0. (23)
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At V! = ( we need an additional analysis of stability, because the Lya-
¢ \Pf y y
punov theorem does not state the correspondence of the behavior of solutions
to the initial nonlinear system and the obtained linear system.
At H; = 0 we obtain either saddle or center point.
At Hy < 0 the fixed point y¢ is unstable, because h(t) tends to infinity.

In our model exact solutions in are stable in the Bianchi I metric at m]% <

1/2 and unstable at m; > 1/2. The case of m; = 1/2 needs to more detail
analysis, the first corrections are bounded.
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Stability in the Bianchi I metric

Let us consider the model with one scalar field (10) in the Bianchi I metric

ds® = — dt* + ai(t)dz] + a3(t)dzs + a3(t)dxs. (24)
we obtain:
¢ =1, (25)
. 1

Y = — (Hy+ Hy+ H3)yp — EVQZ@), (26)

. 1
H, = —47GyNp — H? — 5(HQHg — H Hy — H H,), (27)

. 1
Hy, = —4nGyp — H3 — §(H1H3 — HyHs — H H>), (28)

. 1
Hs = —4nGyp — H3 — 5(HJJ2 — H\Hs — H,Hj3), (29)

where _
¢2
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a a a
Hy ==, Hy=-2 Hy==—"and dot denotes time derivative. (31)
ai a9 as
Let the isotropic solution yy(t) tends to a fixed point y; = (Hy, Hy, Hy, ¢ 5, ¢y)

at t — 400. For the fixed point we obtain:

vr=0,  Vi6)=0, Hi=_nGx(A+V(). (3
To analyse the stability of y¢ we present solutions as series in e:
H;=H;+ehi(t)+O(e%), ¢=o¢;+ep(t)+0(?), ¢ =ex(t)+0O().
To first order in € we obtain the following system of the equations:
hi(t) = — 3Hhi(t), i=1,2,3

p(t) = x(t), | (33)
X(t) = = 3Hx(t) = ZV5(dy)e.
The solutions of this system coincide with solutions of system (18). Namely,
@(t) and x(t) are the same, and equations for h;(t) and h(t) are the same.
Thus, the isotropic solution which tends to a fixed point is

stable in the Bianchi I metric if and only if it is stable in the
FRW metric.
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The first order corrections to isotropic solutions in
the FRW and Bianchi I metrics

We have found that in the case of one-field models the equations for the first
corrections near a fixed point in the Bianchi I metric can be automatically
solved if the corresponding equations in the FRM metric are solved.

Let us generalize this result and consider consider the cosmological model,
which is described by action

N

R C
S = /d%\/?g (167TGN — Z?kg'wauﬁbkavﬁbk —Vi(p1,...,0N) — A) -
(34)

k=1
In the Bianchi I metric the Einstein equations have the following form:
H\Hy + H1H3 + HoHz = 87G o, (
Hy+ H3+ Hy+ HS + HyHs = — 87Gp, (36
(
(

H,+ H? + Hy+ H? + H Hy= — 81Gnp,
Hi + H?+ Hy+ H?+ H H; = — 817G np,
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where

N .
Q;ijJrV(qbl,...,ng)JrA, (39)
p= i qub% V(o1 on) — A (40)
2.5 e :
It is convenient to write equations (36)—(38) as follows
O+ H; = K;;, where ,j=1,2,3,i# j, (41)
Kij=—H; — H; — H;H; — 87G yp. (42)
From action (34) we obtain the following equations for the fields ¢
Or = P, (43)
Yo = — (Hi+ Hy+ H3)y, — @V¢k, (44)
H; = Ki(or,vr, Hy), (45)

where
1 1 1
Ky = §(K13+K12—K23), Ky = §(K23+K12—K13>, K3 = §<K23+K13—K12)-
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To study the stability of this solution we present solutions, whose initial
conditions are close to the isotropic one, in the following form

Hi(t) = Hy(t) +ehi(t) + O(e?), i=1,2,3 (

dr(t) = ur(t) + epr(t) + O(e?), (
wk(ﬂ = ¢0/€<t> + exr(t) + O<€2). (

= s
o 3 O
S— —— ~~—
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and obtain

S.Dk = Xk

(49)

Xk = — (h1+ hy + hg)bor, — 3Hoxr — = Z b i (00) @y (50)

N
hl -+ hg = — 3H0<h1 + hz) + 817Gy Z (Vék (qbo) Vi — quZSOka) : (51)

hl—l—hg

N
k=1

E

hg + hg = — 3H0<h2 + hg) + 81tGy

i

1
From equations (51)—(53) we obtain

ha(t) — ho(t) + 3Ho(t)(hu (t) — halt))
ha(t) — hs(t) + 3Hy(t)(ha(t) — ha(t))

0,
0

Y
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— 3Hy(hy + hg) + 887Gy Y (Vqﬁk (¢0) pr — Ck%ka) , (52)

(Vablk (b0) ok — CkQSOka) . (53)



N
Hy(hy + ho + hy) = 47Gxe S (Cidosspr + Vi, (d0) 1), (56)
k=1

Theorem
Let Hy(t) be a smooth function, bounded at all finite values of time and

[ Hy(T)dr be bounded from below, in other words this integral is equal to a
0

finite number or plus infinity. Functions hi(t), ho(t), hs(t) and @g(t), which
are solutions of (49)—(53), are bounded if and only if isotropic solutions,
namely solutions, which satisfy the condition hi(t) = ho(t) = hs(t), are
bounded.

Proof. It is trivial that if full set of solutions includes only boundary
functions, then any subset, which satisfies an additional condition, includes
only boundary functions. Let us prove that the boundedness of isotropic
solutions is not only a necessary condition but also a sufficient one.

)

20



From equations (54) and (55) we obtain:

t
—3 [ Hy(1)dr

hi(t) — ha(t) = (M (0) — ho(0))e 0 7

ha(t) — hy(t) = (r(0) — h(O))e B

(57)

t
So we obtain that if the integral [ Hy(7)dr is uniformly bounded from
0

below, then anisotropy is bounded at all ¢. Note, that in the most of cosmo-
logical models Hy(t) > 0 for all ¢ > 0 and the anisotropy tends to zero at
t — 00.

Using (57), one can express ho(t) and hg(t) via hi(t) and reduce system
(51)—(53) to one equation.

Let us introduce a new function
t
C —3fH (1)dr
ho(t) = hu(t) — e 0 R (58)

It is easy to check that
3ho(t) = ha(t) + ho(t) + hs(t). (59)
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In terms of Ay and ¢ we get the system of equations which coincide with the
corresponding Friedmann equations, for which hy(t) = ho(t) = hs(t) = ho(t).

Therefore, the functions ¢g(¢) in the Bianchi I and FRW metrics are the
same. Functions hi(t), ho(t) and hg(t) differ from the correction for the
Hubble parameter hy(t) on a finite value. Thus the theorem is proven.

Note that Theorem 1 connects the stability properties the the FRM and
Bianchi I metrics not only for solutions, which tend to a fixed point, but also
for solutions, which tends to infinity at ¢ — oo.

Model with massless phantom field

Let us consider the stability of solutions of local models, which correspond to
the nonlocal model with quadratic potential (I.Ya. Aref’eva, L.V. Joukovskaya,

and S.Yu. V., J. Phys. A: Math. Theor. 41 (2008) 304003, arXiv:0711.1364).
Let us consider the one-field model with zero potential V(¢) = 0.
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The Friedmann equations are:

C . A
3H = 5 —¢" + —, (60)
mg ms;
My

At A > 0 and C' < 0 there is the following real solution:

A 3A
H()(t) = w tanh W<t — t()) ,
P p
(62)
Qm% , 3A
Po(t) = £1/ — @arctan <Smh < @(t — to)>> + (1,

where ty and C are arbitrary real constant.
Let us consider the stability of the solution (Hy, ¢g). Substituting Hy and
¢p in (46)—(47), to first order in & we obtain
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@(t) — — C5 + CQ,
2 3731% (t—to)
vV—CAle ™ +1
h(t) = 2

cosh (2\/3”7A(t —t )) + 17

(63)

where Cy and Cf5 are arbitrary real constants. It is obvious, that functions

h(t) and ¢(t) are bounded. In the Bianchi I metric we have

3m2A\

p

hi(t) = h(t) + C; |1 — tanh?

2
\ v

(t —to)

(64)

Thus, we have obtained, that kink-type solution (62) in the Bianchi [ metric

have the bounded first corrections.
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Model with quadratic potential and the cosmological constant

Let us consider the model of the scalar field with the quadratic potential and

the cosmological constant. In this case the Friedmann equations are

H2

2
H = —47xGNC¢>,

where C' and B are arbitrary nonzero real numbers.
System (65)—(66) has the following particular solution

Ho(t) = kat,  do(t) = kot,

: B
:871'3GN (9¢2+§¢2+/\>,

where
B

el

B B
 12rG N A

by = k2

From (68) it follows, that the function ¢ is real if and only if B > 0.

above-mentioned solutions exist only if
B

 UTGNA
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(67)

(68)
The

(69)



To analyse stability of these exact solutions we substitute
H(t) = kit + h(t)
and
O(t) = kot + ep(1).
in (65) and (66).
To first order in € we obtain the following system of equations
24/ 3t BGN(Ap(t) + Btp(t)) = 3Bt h(t),
h(t) = —8nGnChap(t).
Solutions of (72)—(73) are

)
Therefore, the functions h(t) and ¢(t) are bounded at C/B < 0. Real

(74)
(75)

solutions exist only if B > 0, hence, C' < 0. We come to conclusion that
solution (67) can be stable (the first corrections are bounded), only if C' < 0,

in other words, ¢(t) is a phantom scalar field.
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Conclusions

e We have analysed the stability of isotropic solutions for the models with
the NEC violation in the Bianchi I metric.

e For one-field model we used the Lyapunov theorem and found sufficient
conditions for stability of kink-type solutions.

e We found the explicit form of the connection between hq(t), ho(t) and
hs(t), which define metric perturbations in the Bianchi I metric, and hy,
which defines perturbations in the FRW metric.

e The first corrections for the fields in both metric are the same.

e In particular we state that for Hy > 0 the boundedness of h( is a sufficient
and necessary condition for the boundedness of hy(t), ho(t), and hg(t).
This result is valid for both N-field and k-essence models as well as for
models with the CDM.

e The exact solutions, found in string inspired phantom models (I. Aref’eva,
A. Koshelev, S.V., 2004; I. Aref’eva, L. Joukovskaya, 2005), are stable.
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