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AdSAdS44//CFTCFT33 correspondencecorrespondence
Holographic duality between 3d supersymmetric Holographic duality between 3d supersymmetric 
ChernChern--SimonsSimons--matter theories (BLG & ABJM) and matter theories (BLG & ABJM) and 
M/String Theory compactified on AdSM/String Theory compactified on AdS44 spacespace

MatterMatter: 8 scalars : 8 scalars ΦΦ and 8 spinors and 8 spinors ΨΨ in biin bi--fund. rep.fund. rep. of of U(N)U(N)kk×× U(N)U(N)--kk

ChernChern——Simons gauge fields:Simons gauge fields: AAμμ and and AA00
μμ

For a certainFor a certain V(V(ΦΦ,,ΨΨ) ) the theory has the theory has NN=6 =6 superconformalsuperconformal symmetrysymmetry

OSpOSp(6|4) (6|4) ⊃⊃ SO(6)SO(6)××Sp(4)~ SU(4)Sp(4)~ SU(4)××SO(2,3)SO(2,3)
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AdSAdS44×× CFTCFT33 correspondencecorrespondence
In a limit In a limit NN22ÀÀ λλ5/25/2, where , where λλ==N/kN/k is a `t is a `t HooftHooft coupling, the coupling, the 
bulk description of the ABJM model is given by type IIA bulk description of the ABJM model is given by type IIA 
string theory on string theory on AdSAdS44×× CPCP33

this D=10 background preserves 24 of 32 this D=10 background preserves 24 of 32 susysusy, i.e. , i.e. NN=6 =6 
from the AdSfrom the AdS44 perspective, and its perspective, and its isometryisometry is is OSpOSp(6|4)(6|4)

FF44=   k =   k λλ1/21/2 dd44xxAdSAdS44
,    ,    FF22==k Jk JCPCP33,     ,     ee22φφ==λλ5/25/2//NN22 = = gg22

strstr

To study this To study this AdSAdS/CFT duality, it is necessary to know an /CFT duality, it is necessary to know an 
explicit form of the Greenexplicit form of the Green--Schwarz string action in the Schwarz string action in the 
AdSAdS44×× CPCP33 superbackgroundsuperbackground..

8
3
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GreenGreen--Schwarz superstringSchwarz superstring
in a generic supergravity backgroundin a generic supergravity background
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Our goal is to get the explicit form ofOur goal is to get the explicit form of BB2 2 ,, EEAA and and EEαα

as as polinomialspolinomials of of ΘΘ for the AdSfor the AdS44 ×× CPCP33 casecase

Type IIA sugra fields gMN, Φ, BMN, AM, ALMN, ΨM
α, λα are contained in EA and B2
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Fermionic kappaFermionic kappa--symmetrysymmetry
Provided that the Provided that the superbackgroundsuperbackground satisfies superfield supergravity satisfies superfield supergravity 
constraints (or, equivalently, constraints (or, equivalently, sugrasugra field equations), the GS superstring field equations), the GS superstring 
action is invariant under the following local worldsheet transfoaction is invariant under the following local worldsheet transformationsrmations
of the string coordinates of the string coordinates ZZMM((ξξ))::
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Due to the projector, the fermionic parameter Due to the projector, the fermionic parameter κκαα((ξξ)) has only          has only          
16 independent components. They can be used to gauge away 1/2 of16 independent components. They can be used to gauge away 1/2 of
32 fermionic worldsheet fields 32 fermionic worldsheet fields ΘΘαα((ξξ))
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AdSAdS44×× CPCP33 superbackgroundsuperbackground
Preserves 24 of 32 Preserves 24 of 32 susysusy in type IIA D=10 superspacein type IIA D=10 superspace

in contrast:in contrast: AdSAdS55×× SS55 background in type IIB string theory background in type IIB string theory 
preserves all 32 supersymmetriespreserves all 32 supersymmetries

fermionic modes of the fermionic modes of the AdSAdS44×× CPCP33 superstring are of    superstring are of    
different nature: different nature: ΘΘ3232((ξξ)=()=(ϑϑ2424, , υυ88))

unbroken   broken   unbroken   broken   susysusy

ϑϑ2424==PP24 24 ΘΘ,, υυ88 ==PP8 8 ΘΘ,, PP24 24 ++ PP8 8 = I= I

PP24 24 ==1/8 1/8 ((66--ΓΓaa’’bb’’JJaa’’bb’’ΓΓ77),), ΓΓ7 7 = = ΓΓ11LLΓΓ66

aa’’,b,b’’=1,=1,……,6  ,6  -- CPCP33 indices, indices, JJaa’’bb’’ ∼∼ Faa’’bb’’ KaehlerKaehler form on form on CPCP33
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OSpOSp(6|4) (6|4) supercosetsupercoset sigma modelsigma model
It is natural to try to get rid of the eight It is natural to try to get rid of the eight ““broken broken susysusy””
fermionic modes fermionic modes υυ8 8 using kappausing kappa--symmetrysymmetry

υυ88=0  =0  -- partial kappapartial kappa--symmetry gauge fixingsymmetry gauge fixing

Remaining string modes are:Remaining string modes are:
10 (AdS10 (AdS4 4 ××CPCP33) bosons ) bosons xxaa ((ξξ) (a=0,1,2,3),  ) (a=0,1,2,3),  yyaa’’ ((ξξ) (a) (a’’=1,2,3,4,5,6)=1,2,3,4,5,6)
24  fermions 24  fermions ϑϑ((ξξ) corresponding to unbroken ) corresponding to unbroken susysusy

they they parametrizeparametrize cosetcoset superspace superspace OSpOSp(6(6|4|4)/)/UU(3)x(3)xSOSO(1,3) (1,3) ⊃⊃ AdSAdS44xxCPCP33

KK10,24 10,24 ((x,yx,y,,ϑϑ)= )= eexxaaPPaa eeyyaa’’PPaa’’ eeϑϑ Q  Q  ∈∈ OSpOSp(6(6|4|4)/)/UU(3)x(3)xSOSO(1,3)(1,3)

[[P,PP,P]]=M,=M, [[P,MP,M]]=P,=P, P P ⊂⊂ AdSAdS44xxCPCP33 M M ⊂⊂ SO(1,3)SO(1,3)×× U(3)U(3)

OSpOSp(6(6|4|4) ) superalgebrasuperalgebra::

{{Q,QQ,Q}=}=P+M,P+M, [[Q,PQ,P]=]=QQ,, [[Q,MQ,M]=]=QQ
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OSpOSp(6|4) (6|4) supercosetsupercoset sigma modelsigma model
CartanCartan forms:forms:

KK--11dKdK==EEaa((x,yx,y,,ϑϑ) ) PPaa + + EEaa’’((x,yx,y,,ϑϑ) ) PPaa’’ + + EEαααα’’((x,yx,y,,ϑϑ)) QQαααα’’ + + ΩΩ ((x,yx,y,,ϑϑ) ) MM

Superstring action onSuperstring action on OSpOSp(6(6|4|4)/)/UU(3)x(3)xSOSO(1,3)(1,3) –– classically classically integrableintegrable
((ArutyunovArutyunov & & FrolovFrolov; ; StefanskijStefanskij; ; D'AuriaD'Auria, , FrFrèè, Grassi & , Grassi & TrigianteTrigiante, 2008), 2008)

S=S=∫∫ dd22ξξ ((-- detdet EEii
AAEEjj

BB ηηABAB))1/2 1/2 + + ∫ ∫ EEαααα’’∧∧ EEββββ’’ JJαα’’ββ’’ CCαβαβ

ReasonReason –– kappakappa--gauge fixing gauge fixing υυ88 = PP88ΘΘ ==00 is is inconsistentinconsistent in the AdSin the AdS4  4  regionregion

[(1+[(1+ΓΓκκ)) , , PP88 ]=0]=0 only only ½½ of of υυ88 can be eliminated can be eliminated 

A problem with this model is that it does not describe all possiA problem with this model is that it does not describe all possible string ble string 
configurations. E.g., it does not describe a string moving in Adconfigurations. E.g., it does not describe a string moving in AdSS44 only.only.
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Towards the construction of the complete Towards the construction of the complete 
AdSAdS44×× CPCP3 3 superspace (with 32 superspace (with 32 ΘΘ ))

We shall construct this superspace by performing the dimension We shall construct this superspace by performing the dimension 
reduction of D=11 reduction of D=11 cosetcoset superspace superspace OSpOSp(8|4)/(8|4)/SOSO(7)(7)××SOSO(1,3) it (1,3) it 
has 32 has 32 ΘΘ and subspace and subspace AdSAdS44×× SS77,  ,  SO(2,3) SO(2,3) ×× SO(8) SO(8) ⊂⊂ OSpOSp(8|4)(8|4)

AdSAdS44×× CPCP33 sugrasugra solutionsolution is related to is related to AdSAdS44×× SS77 (with 32 (with 32 susysusy)) by by 
dimenisonaldimenisonal reduction  reduction  ((Nilsson and Pope;  D.S., Tkach & Volkov 1984Nilsson and Pope;  D.S., Tkach & Volkov 1984))

Geometrical groundGeometrical ground: : SS7 7 is the is the HopfHopf fibrationfibration over over CPCP33 with with SS11 fiber:fiber:

SS77 vielbeinvielbein:: eemm
aa==

eemm’’
aa’’ ((yy)   )   AAmm’’((yy))

0        10        1

CPCP33 vielbeinvielbein and and 
UU(1) connection (1) connection 

FF22~dA=J~dA=JCPCP33(does not depend on (does not depend on 
SS11 fiber coordinate fiber coordinate zz))

Our goal is to extend this structure toOur goal is to extend this structure to OSp(8|4)/SO(7)OSp(8|4)/SO(7)××SO(1,3)SO(1,3)



1010

HopfHopf fibrationfibration of of SS77 as a as a cosetcoset spacespace SU(4)SU(4)××U(1)U(1)
SU(3)SU(3)××U(1)U(1)

As a As a HopfHopf fibrationfibration, locally, , locally, SS77==CPCP33 ×× U(1)U(1)

SS == SO(8)SO(8)
SO(7)SO(7)

-- symmetric spacesymmetric space

CPCP33= = SU(4)/SU(3)SU(4)/SU(3)××UU’’(1) (1) –– symmetric spacesymmetric space

SU(4)SU(4)××U(1)U(1)
SU(3)SU(3)××UUdd(1)(1)

SU(4)SU(4)××U(1) U(1) ⊂⊂ SO(8)SO(8)

CosetCoset representative and representative and CartanCartan forms:forms:

KKSS77(y,z)=K(y,z)=KCPCP33(y)(y) eezTzT11==eeyyaa’’PPaa’’ eezTzT11 ((TT11 is U(1) generator)is U(1) generator)

KK--11
SS7 7 dKdKSS7 7 = = eeaa’’((yy) ) PPaa’’ + + ΩΩ ((yy) ) MMSU(3)SU(3)+A+A((yy) ) TT22 + + ddzz TT1  1  ((TT22 ⊂⊂ UU’’(1)(1)))

= = dydymm’’eemm’’
aa’’((yy) ) PPaa’’ ++((dzdz+ + dydymm’’ AA

mm’’
((yy)) )) PP77 + (+ (ddzz -- AA((yy)) )) TTdd+ + ΩΩ ((yy) ) MMSU(3)SU(3)

TTdd=1/2 (T=1/2 (T11--TT22)  is  U)  is  Udd(1) generator,    (1) generator,    PP77 ==1/2 (T1/2 (T11+T+T22) ) –– translation along translation along 
SS11 fiberfiber
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HopfHopf fibrationfibration of of OSpOSp(8|4)/(8|4)/SOSO(7)(7)××SOSO(1,3)(1,3)

KK11,3211,32 -- D=11 superspace with the bosonic subspace D=11 superspace with the bosonic subspace 
AdSAdS44×× SS77 and 32 fermionic directionsand 32 fermionic directions

KK11,32 11,32 = M= M10,3210,32 ×× SS11 (locally)(locally)

MM10,3210,32 -- D=10 superspace with the bosonic subspace D=10 superspace with the bosonic subspace 
AdSAdS44×× CPCP33 and 32 fermionic directions           and 32 fermionic directions           
(it is not a (it is not a cosetcoset space)space)

MM10,3210,32 is the superspace we are looking foris the superspace we are looking for!!

basebase fiberfiber
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11stst step:step: HopfHopf fibrationfibration overover
KK10,2410,24 = = OSpOSp(6(6|4|4)/)/UU(3)x(3)xSOSO(1,3)(1,3)

KK11,2411,24 = = KK10,2410,24 ×× SS11 (locally) (locally) ⊃⊃ AdSAdS4 4 xx SS77

SOSO(1,3)(1,3)××SUSU(3)(3)××UUdd(1)(1)
OSpOSp(6(6|4) |4) ×× UU(1)(1)

KK11,24 11,24 == OSpOSp(6(6|4)|4)××UU(1) (1) ⊂⊂ OSpOSp(8(8|4)|4)

KK11,24 11,24 ((x,yx,y,,ϑϑ,,zz)=)= KK10,24 10,24 ((x,yx,y,,ϑϑ) ) eezTzT11= = eexxaaPPaa eeyyaa’’PPaa’’ eeϑϑ QQ2424 eezTzT11

KK--11dK dK = = EEaa((x,yx,y,,ϑϑ) ) PPaa + + EEaa’’((x,yx,y,,ϑϑ) ) PPaa’’ + + EEαααα’’((x,yx,y,,ϑϑ)) QQαααα’’

+(+(dzdz+ + AA((x,yx,y,,ϑϑ))) ) PP77 + (+ (ddzz -- AA) ) TTd d + + ΩΩ ((x,yx,y,,ϑϑ) ) MMSU(3)SU(3)

CartanCartan forms:forms:
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22ndnd step:step: adding 8 fermionic directions adding 8 fermionic directions υυ88

KK11,3211,32 ((x,yx,y,,ϑϑ,,zz,,υυ))=K=K11,24 11,24 ((x,yx,y,,ϑϑ,,zz) ) eeυυQQ8 8 == KK10,24 10,24 ((x,yx,y,,ϑϑ) ) eezTzT1 1 eeυυQQ88

QQ88 are 8 are 8 susysusy generators which extend OSp(6|4) to OSp(8|4)generators which extend OSp(6|4) to OSp(8|4)

OSp(6|4) OSp(6|4) superalgebrasuperalgebra::

{{QQ2424,,QQ2424}=}=MMSOSO(2,3)(2,3)++MMSUSU(4)(4) {{QQ88,,QQ88}=}=MMSOSO(2,3)(2,3)++TT11

OSp(2|4) OSp(2|4) superalgebrasuperalgebra::

Extension to OSp(8|4)Extension to OSp(8|4):: {{QQ2424,,QQ88}=M}=M⊥⊥ ⊂⊂ SOSO(8)/(8)/SUSU(4)(4)××UU(1)(1)

CartanCartan forms offorms of OSpOSp(8|4)/(8|4)/SOSO(7)(7)××SOSO(1,3):(1,3):

KK--11dK dK = [= [EEaa((x,y,x,y,ϑϑ,,υυ)+)+dzdz VVaa((υυ))]] PPaa + + EEaa’’((x,yx,y,,ϑϑ,,υυ) ) PPaa’’

+[+[dzdz ΦΦ((υυ)+ )+ AA((x,yx,y,,ϑϑ,,υυ))] ] PP77 + E+ E2424((x,y,x,y,ϑϑ,,υυ)) QQ24 24 + E+ E88((x,y,x,y,ϑϑ ,,υυ)) QQ88

+ connection terms+ connection terms
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33rdrd stepstep: Lorentz rotation in : Lorentz rotation in 
AdSAdS4 4 x x SS11 (fiber) tangent space(fiber) tangent space

KK--11dK dK = (= (EEaa((x,y,x,y,ϑϑ,,υυ)+)+dzdz VVaa((υυ)))) PPaa + + EEaa’’((x,yx,y,,ϑϑ,,υυ) ) PPaa’’

+(+(dzdz ΦΦ((υυ)+ )+ AA((x,yx,y,,ϑϑ,,υυ))) ) PP77 + E+ E2424((x,y,x,y,ϑϑ,,υυ)) QQ24 24 + E+ E88((x,y,x,y,ϑϑ ,,υυ)) QQ88

+ connection terms+ connection terms

EEaa((x,yx,y,,ϑϑ,,υυ)) = (= (EEbb((x,y,x,y,ϑϑ,,υυ)+)+dzdz VVbb((υυ))) ) ΛΛbb
aa((υυ))

+ + ((dzdz ΦΦ((υυ) + ) + AA((x,yx,y,,ϑϑ,,υυ)) )) ΛΛ77
aa((υυ))

Lorentz transformation of the Lorentz transformation of the supervielbeinssupervielbeins::

SS11:: dzdzΨΨ ((υυ))+ + A A ((x,yx,y,,ϑϑ,,υυ) ) == ((dzdz ΦΦ((υυ) + ) + AA((x,yx,y,,ϑϑ,,υυ)) )) ΛΛ77
77((υυ))

+ + ((EEbb((x,yx,y,,ϑϑ,,υυ) + ) + dzdz VVbb((υυ))) ) ΛΛbb
77((υυ))

EEaa’’((x,yx,y,,ϑϑ,,υυ)) == EEaa’’((x,yx,y,,ϑϑ,,υυ))

EE2424((x,y,x,y,ϑϑ,,υυ)), , EE88((x,y,x,y,ϑϑ ,,υυ) ) –– rotated 32 fermionic rotated 32 fermionic vielbeinsvielbeins

MM10,3210,32

PPaa

PP77
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Superstring action in Superstring action in AdSAdS44×× CPCP33 superspacesuperspace

∫∫ −−−= 2
2 det BgdS ijξ

ggijij==EEii
AA EEjj

BB ηηABAB –– induced worldsheet metricinduced worldsheet metric

NSNS--NS field NS field BB22 is obtained by dimensional reduction of is obtained by dimensional reduction of AA33 in D=11in D=11

KappaKappa--symmetry gauge fixingsymmetry gauge fixing ((P.A.GrassiP.A.Grassi, , L.WulffL.Wulff and D.S. arXiv:0903.5407and D.S. arXiv:0903.5407))

(Killing spinor, (Killing spinor, supersolvablesupersolvable, or , or superconformalsuperconformal gauge, 1998)gauge, 1998)
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GuageGuage fixed superstring action in fixed superstring action in AdSAdS44×× CPCP3 3 

(upon a T(upon a T--dualizationdualization))
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ΘΘ3232 ==((θθ2424, , υυ88),), γγ = = ΓΓ00ΓΓ11ΓΓ2 2 ΓΓ33

The action contains fermionic terms up to a quartic order onlyThe action contains fermionic terms up to a quartic order only

AdS4 CP3
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ConclusionConclusion
The complete The complete AdSAdS4 4 ××CPCP33 superspace with 32 fermionic directions superspace with 32 fermionic directions 
has been constructed. Its has been constructed. Its superisometrysuperisometry is OSp(6|4)is OSp(6|4)

The explicit form of the Type IIA superstring and DThe explicit form of the Type IIA superstring and D--branes in  branes in  
AdSAdS4 4 ××CPCP33 superspace have been derivedsuperspace have been derived

The simplest possible gaugeThe simplest possible gauge--fixed form of the superstring action fixed form of the superstring action 
has been obtainedhas been obtained

These results can be use for studying various problems of StringThese results can be use for studying various problems of String
Theory in Theory in AdSAdS4 4 ××CPCP33, in particular, to perform higher, in particular, to perform higher--loop loop 
computations (involving fermionic modes) for testing computations (involving fermionic modes) for testing AdSAdS4 4 //CFTCFT33

correspondence: integrability, Bethe correspondence: integrability, Bethe ansatzansatz, S, S--matrix etc. in the matrix etc. in the 
dual planar dual planar NN=6 CS=6 CS--matter theorymatter theory
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