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Yang-Mills field Lagrangian

1 a a
L=——F;F;

Yang-Mills field stress tensor
F$, = 0,4, — 0, A, + gt** A? A¢
gauge transformation

5A,u _ auna + gtabcAch
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The Lagrangian is singular

free propagators do not exist
1
Ao = / A Au(R) (K" — k) A, () (4)

Canonical quantization:

Ap I1s not a canonical variable — Yang-Mills theory is a constrained
system.

A gauge condition

F(A,) =0

Gribov ambiguity.

The condition F'(A,) = 0 must separate a unique representative in
a gauge equivalent classs.
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Abelian case

0;A;, =0
A=A +9im

If » — 0 at spatial infinity n = 0.

Non-Abelian case

AY = A 4 Om* + gt™ Al
A} =0 — A + gt 0,(A7if%) = 0 (6)
This equation has nontrivial solutions fastly decreasing at spatial
infinity.
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In perturbation theory
An + gt™0;(Agn°) = 0 — 1" =0
No ambiguity

There is no gauge condition which globally selects a unique
representative Iin a gauge equivalent class.

Higgs model in the unitary gauge B* =0
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In perturbation theory
An + gt™0;(Agn°) = 0 — 1" =0
No ambiguity

There is no gauge condition which globally selects a unique
representative Iin a gauge equivalent class.

Higgs model in the unitary gauge B* =0




/ The model (SU(2)) \

L=—2FF% 4 (D) (D) — (D) (D)

Y
+i[(D,b)" (Dpe) — (Dye)* (D,b)) (7)
Y has a negative energy.
iCl + Ccy Co — iC3
c= : 8
(55 )

0, Y are commuting, e, b are anticommuting

S = /exp {ZA} dudopdydbde =
1
/ exp {z / d%(—Zngij)} (det D=2)2(det D?)2dy =

k / exp {z / d%(—ingij)} dp (9;/
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p—p+g m; x—x—g 'm; m=(0,m) (10)

The terms quadratic in m compensate — no mass term for the
Yang-Mills field.

L=L+g ' [Dup+D,x|"Dyi+ h.c. (11)

The Lagrangian L is invariant with respect to the " shifted” gauge
transformations.

J 4 q
0y = Span

2
gabc 9 a
Opa = =5 Pyl = Seon
— a gac —_C g — a
Op, = —mn" = Se" 0" — S (12)
+ _ Pa T Xa
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L is also invariant with respect to the supersymmetry
transformations:

ob(z) =0 (13)
This symmetry is crucial for the unitarity of the model.
possible gauges:

@A? — O

¢ =0 (no ambiguity)
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The equation (¢**); = 0 at the surface ¢, = 0 has no nontrivial

a

solutions fastly decreasing at spatial infinity

Effective action in the gauge ¢~ =0

A 1 a 170 — a
A= /d‘lx{—ZFWFW + 0w Oty + mepy 0, A5

+i[(D,b)*(Dye) — (Dye)"(D,b)]

) o g _ .
Vo Lo + 900 Aspd + Soged 0,A5} (14)

2
mg o 4+ g 49
_|_TAMSDO —I__A 2

8 H
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/ The construction of the canonical formalism is straightforward. \
The canoncal momentum for A{ is nonzero:

@ — ot (1 + o 15
po = M, ( +2m900) (15)

The Hamiltonian:

AH = /d4x{pf;A§” + pSAS =+ pgoSO‘O - pxXO

w7 (r5)° P Py
2 2(1+g/(2m)py )2 2 2
pS&;A@ 1
A0ips — : — —F3 F7 4+ ... 16

Integration over canonical momenta produces a nontrivial Jacobian

[T+ Zep)?

. 2m
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The scattering matrix in terms of the integral over trajectories in

S:/exp{i

~

A

the coordinate space is:

} 10+ %gpa)?’dAudgpjdgpgdbo‘de“ (17)
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/ PHYSICAL UNITARITY. \

The scattering matrix ({17)) acts in the space which contains many

unphysical exitations. Nevertheless the supersymmetry of the
effective action provides the unitarity of this S-matrix in the
subspace which includes only physical vectors.

Invariance with respect to the supersymmetry transformations via
Noether theorem leads to the existence of the conserved charge (),
which may be used to select the physical subspace:

QY >=0— Qo|Yp >45=0 (18)

The vectors | >,5 may be presented in the form:

) >0s= [0 > +|N >, < N|N >=0
< PO >4s=< V|0 >y, (19)

\ for any observable O. 13/
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The gauge condition ¢, = 0 breaks "old” supersummetry.

However there exists €2(7) such that

/ PN ()0, A% () = / (@)oY () (20)
For the free theory
_ —pa () + 9 A} (x)

n“(r) -

Therefore the function n® changes under the supersymmetry

transformations




/The supersymmetry transformations in the gauge ¢, =0 to zero\
order in g

V/2€0 l;“(x)

Aj(2) = Aj(2) = Ou () — Af(w) + i

CalT )—>€a(ﬂf)+€\f ~ (@)
o () = @y (@) +iV2ebo(x)  (21)

Invariance with respect to these supersymmetry transformations
generates a conserved charge which for the asymptotic states may

be presented as (g = @8 + Qp

Qg — \/5/ d?’x{m_l(&;Ao — 5’0147;)“(@-60’) — gpj{ﬁoba} (22)

Q)= V2 / P {Bogitbo + Dot} (23)
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() and Qg are nilpotent, anticommuting and independent. Hence

Qo|¢ >as= 0 — @8‘¢ >qs= 0, ng >gs—= 0

)Y coincides with the BRST charge for the Lorentz gauge
condition, introduced via the Lagrange multiplier [ d*zyf0, A%, if
one identifies b* = c*, e* = ¢*

Any vector annihilated by Q9 has a form
9 >= |1 > +|N >

the vector \zﬁ > contains only three dimensionally transversal
components of the Yang-Mills field and the exitations coresponding
to o, %, e and [N > has a zero norm.
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Any vector annihilated by Qf has a form
h >= | > +|N >

where the vector W > does not contain the exitations
corresponding to >, b°,e® and |N > is a zero norm vector

Hence
|¢ >as™ |¢ >ty _HN >, < WOW Zas—< ¢‘0|¢ >ty

After factorization with respect to zero norm vectors, the space of
Y >, coincides with [1) >,
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/ For perturbative calculations the Lorentz gauge 0,4, is more \
convenient.

A generating functional for gauge invariant Green functions:

Z(J,) = /exp{i(A—l—/d%JﬂFM)}é(gp;)AdAMdgoggpzdbadea
(24)
where F), denotes a gauge invariant functional, A is the gauge

iInvariant action and the factor A_ is the gauge invariant functional
defined by the equation

A /dQ5(8MA2) =1
at the surface ¢, =0

[Ta+ §ei)* = [ a0ste "),

T
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Multiplying the integral (

24

) by "one”

AL/é(ﬁﬂAﬁ)dQ =1

and making change of variables

A, %AQ,QO—>QO b—0ble—e

Q

functional in the Lorentz gauge:

, we get the generating

Z(J, = /exp {Z(A + /d%JMFM)} Apd(0,A,)dA,dp.db.de,

(25)

The transition is legitimate only in perturbation theory as beyond

the perturbation theory A; may be singular.

N
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Problems

Perturbative renormalization directly in the gauge ¢, = 07 Mixed

propagator A7, i, at large k decreases as k~'. It leads to

appearance of the infinite number of divergent diagrams differing

by the number of ¢, lines. But the degree of divergency of all
these diagrams is limited by 2. A similar situation exists in the
supersymmetric gauge theories in a manifestly supersymmetric
gauge. The number of divergent diagrams is infinite, but the

number of counterterms is finite due to supersymmetry. Does the

supersymmetry in this case restricts the number of counterterms?

-
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Conclusion

1.The Yang-Mills theory allows unambigous Lorentz invariant
quantization.

2.The ghost field Lagrangian in a covariant gauge may be gauge

Invariant.

3. It simplifies regularization and renormalization.

4. This method may be useful for supersymmetric gauge theories.

N
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