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Gravity as a Gauge Theory

gµν −→ ha
µ, $a,b

µ

Yang-Mills field Aµ = Paha
µ + La,b$

a,b
µ

[Pa, Pb] = ±λ2Lab λ2 > 0 so(d,1)
Algebra [Lab, Pc] = Laηbc − Lbηac λ2 = 0 iso(d− 1,1)

[Lab, Lcd] = Ladηbc + ... λ2 < 0 so(d− 1,2)

Field strength R = dA + [A,∧A] = PaRa + La,bR
a,b

Torsion Ra = dha + $
a,

b ∧ hb = 0

Curvature Ra,b = d$a,b + $
a,

c ∧$c,b ± λ2ha ∧ hb = 0
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Gravity as a Gauge Theory

d = 4

1

λ2

∫
Ra,b∧Rc,dεabcd ∼

∫ √
g

(
R + λ2

)
+Gauss Bonnet

d ≥ 4
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Ra,b ∧Rc,dεabcde...uhe...hu
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Getting (A)dSd symmetry manifest
(MacDowell, Mansouri, Stelle, West, Vasiliev)

ΩA,B
µ = −ΩB,A

µ

RA,B = dΩA,B + ΩA,
C ∧ΩC,B

ha = λΩa,•

$a,b = Ωa,b

Goldstone field V AV BηAB = ±1

Frame field HA = DΩV A = dV A + ΩA,
CV C

Spin-connection ΩA,B
L = ΩA,B ± λ(HAV B −HBV A)

Standard gauge V A = δA
•

1

λ2

∫
RA,B ∧RC,DεABCDE...UNHE...HUV N
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Tensors and Young Diagrams

symmetric TA...B...C = TB...A...C B CA

antisymmetric TA,B,...,C = −TB,A,...,C B

C

A

mixed-symmetry TAB...,D..., .... ,...U

B
D
A

U



Generalized Yang-Mills Connections
(Alkalaev, Shaynkman, Vasiliev)

Yang-Mills Connection

W
A,B
µ dxµ

one-form in adjoint=

⇓

Generalized Yang-Mills Connection

q-from in arbitrary module A

WA
q ≡ WABC...U

µ1...µq
dxµ1 ∧ ... ∧ dxµq

A =

BCA

U

of so(d,1) or so(d− 1,2)



Generalized Yang-Mills Connections
(Alkalaev, Shaynkman, Vasiliev)

Yang-Mills Connection

W
A,B
µ dxµ

one-form in adjoint=

⇓

Generalized Yang-Mills Connection

q-from in arbitrary module A

WA
q ≡ WABC...U

µ1...µq
dxµ1 ∧ ... ∧ dxµq

A =

BCA

U

of so(d,1) or so(d− 1,2)



Generalized Yang-Mills Connections
(Alkalaev, Shaynkman, Vasiliev)

Yang-Mills Connection

W
A,B
µ dxµ

one-form in adjoint=

⇓

Generalized Yang-Mills Connection

q-from in arbitrary module A

WA
q ≡ WABC...U

µ1...µq
dxµ1 ∧ ... ∧ dxµq

A =

BCA

U

of so(d,1) or so(d− 1,2)



Generalized Yang-Mills Connections
(Alkalaev, Shaynkman, Vasiliev)

Yang-Mills Connection

W
A,B
µ dxµ

one-form in adjoint=

⇓

Generalized Yang-Mills Connection

q-from in arbitrary module A

WA
q ≡ WABC...U

µ1...µq
dxµ1 ∧ ... ∧ dxµq

A =

BCA

U

of so(d,1) or so(d− 1,2)



Gauging with Generalized Connections
(Alkalaev, Shaynkman, Vasiliev)

dΩA,B + ΩA,
C ∧ΩC,B = 0 (A)dSd

Covariant derivative

DΩWABC...
q ≡ dWABC...

q + ΩA,
M ∧WMBC...

q + ....

DΩ
2 = 0

Bianchi Identities DΩRA
q+1 = 0

Field Strength RA
q+1 = DΩWA

q

Gauge Transformations δWA
q = DΩξA

q−1

Reducible Gauge Transformations δξA
q−1 = DΩξA

q−2

What theory does WA
q describe?
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What should we expect?

massless spin-2
δφµν = Dµξν + Dνξµ

p.d.o.f.=±2,±1, 0

partially-massless spin-2
(Deser, Nepomechie)

δφµν = DµDνξ + λ2gµνξ
p.d.o.f.=±2,±1, 0

massless spin-s
(Fronsdal,Vasiliev)

δφµ1...µs = Dµ1ξµ2...µs + permutations
p.d.o.f.=±s,±(s− 1), ..., 0

partially-massless spin-s
(Deser, Waldron, Higuchi)

(Witten, Zinoviev)

δφµ1...µs = Dµ1...Dµtξµt+1...µs + ...

p.d.o.f.=±s, ...,±(s−t),±(s−t−1), ..., 0
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What should we expect?
General case

(Metsaev,Brink,Vasiliev,Alkalaev,Skvortsov)

Field Gauge parameter

S0 S1

sn

...
sq+1

sq

sq−1

...
s1

sn

...
sq+1

sq − t
sq−1

...
s1

δφS0 =
t︷ ︸︸ ︷

D...D ξS1 + ...

Gauge Fields in (A)dSd ⇐⇒ (S, q, t)



The way it works

(A)dSd-covariant
frame-like

V A
−−→ Lorentz-covariant

frame-like
h

µ
a−−→

ha
µ

Lorentz-covariant
metric-like

WA
q : A → Ak of Lorentz algebra

δWA
q = DΩξA

q−1

δωk
q = Dξk

q−1 + σ−(ξk+1
q−1 ) + σ+(ξk−1

q−1 )

(σ±)2 = 0
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σ−-Complex
d
e
g
re

e
rank

χk+2 χA
q

ξk+1 ξA
q

DΩ

ωk WA
q

DΩ

Rk−1 RA
q



σ−-Cohomology
(Lopatin,Shaynkman,Vasiliev)

Hq−2 reducible gauge parameters

Hq−1 gauge parameters

⊕ • Hq dynamical fields

⊕ ⊕ • Hq+1 gauge invariant equations

⊕ ⊕ Hq+2 Bianchi identities



The way it works
Simplest cases

WA
1 A = s− t

s− 1

WA
1

s− 1 ⊗ −→ s

ξA
0

s− t −→ s− t

δφµµ...µ︸ ︷︷ ︸
s

= Dµ...Dµ︸ ︷︷ ︸
t

ξµ...µ︸ ︷︷ ︸
s−t



Unfolded Field Equations
(Vasiliev)

Chevalley-Eilenberg cocycle


RA

q+1 = DΩWA
q = H...HC0

D̃ΩC0 = 0

WA
q - Gauge module

C0 - Weyl module

explicit realization: (Vasiliev), (Boulanger, Iazeolla, Sundell)



Gauge Fields vs. Gauge Connections

Lorentz metric-like Connection

so(d− 1,1) so(d,1) or so(d− 1,2)

sn

...

sq+1

sq

sq−1

...

s1

sp

...

sq+1

sq − 1

sq−1 − 1

......

...

s1 − 1

sq − t

δφS0 =
t︷ ︸︸ ︷

D...D ξS1 + ... δWA
q = DΩξA

q−1

RA
q+1 = DΩWA

q



Conclusions

(A)dSd-Gauge Fields

l

Yang-Mills Connections

• Manifest gauge invariance

• Manifest (A)dSd covariance

• Manifest general covariance

• Nonlinear theory?? −→ String theory



Thank you

Welcome Party
will be in 30 minutes


