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Integrable system

d=4 N = 4 , SUSY YM self − duality YM eq.

↓ ւ ↓
d=3 Bogomolny eq. |

ց ↓
d=2 Integrable systems ∼ Hitchin equations

In our case

R4 → R2 × Στ , Στ = C/(τZ + Z)
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Integrable system
Integrable systems related to elliptic curve.

Hitchin type systems:

Elliptic Calogero-Moser systems, Elliptic Gauden systems, Elliptic

tops, Painleve VI, XYZ-model, Landau-Ginzburg equation,

Calogero-Moser field theory;

Their trigonometric, Whittaker-Inozemtsev and rational degenerations -

XXZ, XXX-models, sin-Gordon equation, Toda models,...
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PLAN
1. Characteristic classes
2. New Integrable systems
3. Relations between old and new systems
4. Bogomolny equation
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Integrable system
LAX EQUATION L = [L,M ]

L - Lax operatorL = L(v,u,S; z)

(v,u,S) - dynamical variables (with Poisson brackets),

z - spectral parameterz ∈ Στ - elliptic curve.

L takes values ing=Lie(G), whereG is a gauge group.

M = M(L),

Commuting integrals:

Hk,j ∼
∫

Στ

tr Lk(z)µk,j(z, z̄) , {Hk1,j1 , Hk2,j2} = 0

L(z) is a section of the Higgs bundleoverΣtau.
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Lax operator
1. L(z) is a meromorphic map

L(z) : (Στ = C/(τZ+Z)) → g− a simple complex Lie algebra

2.ResL(z)z=xa
= Sa ∈ Oa − a coadjoint orbit of G

3.L(z + 1) = QL(z)Q−1 , L(z + τ) = ΛL(z)Λ−1 .

ΛQΛ−1Q−1 = Id

`

`

`

`

τ
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Q
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Monodromies
Ḡ - a simply connected simple complex Lie group.

Z(Ḡ) - its center.Gad = Ḡ/Z(Ḡ).

Examples:

1. Ḡ = SL(N, C), Z(SL(N, C)) = diag(ω, . . . , ω),

Gad = PSL(N, C).

2 Ḡ = Spin, Gad = SO.

ζ − generator of Z(Ḡ) ΛQΛ−1Q−1 = ζ

Λ andQ are not monodromies of̄G-bundle, but transition operators for

Gad-bundle.ζ is an obstructionto lift Gad-bundle toḠ-bundle.

ζ ∈ H2(Στ ,Z(Ḡ)) ∼ Z(Ḡ)

ζ is the characteristic class of the bundle
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Example
Ḡ = SL(N, C) , Z(SL(N, C)) = diag(ω, . . . , ω) ωN = 1

1. Q = Id , Λ = exp 2πidiag(u1, . . . , uN ) , QΛQ−1Λ−1 = Id

Lad(z) - Lax operator of the Elliptic Calogero-Moser System.

2. Q = diag(1, ω, . . . , ωN−1) , QΛQ−1Λ−1 = ωId

Λ =























0 1 0 . . . 0

0 0 1 . . . 0
...

... ... ...
...

0 0 0 1

1 0 . . . 0 0























Lsc(z) - Lax operator of Elliptic Top.
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Centers of universal covering
groups

Ḡ Lie (Ḡ) Z(Ḡ) Gad

SL(n, C) An−1 Zn SL(n, C)/Zn

Spin2n+1(C) Bn Z2 SO(2n + 1)

Spn(C) Cn Z2 Spn(C)/Z2

Spin4n(C) D2n Z2 ⊕ Z2 SO(2n)/Z2

Spin4n+2(C) D2n+1 Z4 SO(2n)/Z2

E6(C) E6 Z3 E6(C)/Z3

E7(C) E7 Z2 E7(C)/Z2
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Monodromies

ΛQΛ−1Q−1 = ζ . (z)

Λ → gΛg−1 , Q → gQg−1 .

• ζ ↔ Λ - Weyl group transformation - a symmetry of
extended Dynkin graph.

Fig.1: An and action ofΛ
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Monodromies
•• Q ∈ H -Cartan subgroup ofG.

Q = exp 2πi(κ) , κ = ρ
h + u ∈ H ,

ρ = 1
2

∑

α>0 α -half-sum of positive roots,
h is the Coxeter number.

ΛuΛ−1 = u , (Λl = Id)

g = g0 + g1 + . . . + gl−1

g0 - invariant subalgebra.

u ∈ H0- the moduli space
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Invariant subalgebras

g Π1 l =ordΛ g0

AN−1 , N=pl ∪l
1Ap−1 N/p Ap−1

Bn Bn−1 2 Bn−1

C2l+1 A2l 2 Bl

C2l A2l−1 2 Cl

D2l+1 A2l−2 4 Bl−1

D2l A2l−3 2 Cl−1

E6 D4 3 G2

E7 E6 2 F4
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Relations between systems

Gad → Lad(z) , (ΛQΛ−1Q−1 = Id)

Ḡ → Lsc(z) , (ΛQΛ−1Q−1 = ζ)

Modification
Symplectic Hecke Correspondence

Lsc(z) = Ξ−1Lad(z)Ξ

Ξ is a singular gauge transformation.
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Example
g = A1

Ḡ = SL(2, C) , Gad = SL(2, C)/Z2 = PSL(2, C) .

Gad - Calogero-Moser system for two particles:

HGad
=

1

2
v2 + ν2℘(2u) , {v, u} = 1

Ḡ - Euler top:

HḠ =
1

2
(S2

1℘(τ/2) + S2
2℘(

1 + τ

2
) + S2

3℘(
1

2
)) ,

{Sj , Sk} = ǫijkSi
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Example

S1 = −v
θ10(0)

θ′11(0)

θ10(2u)

θ11(2u)
−ν

θ2
10(0)

θ00(0)θ01(0)

θ00(2u)θ01(2u)

θ2
11(2u)

,

S2 = −v
θ00(0)

iθ′11(0)

θ00(2u)

θ11(2u)
−ν

θ2
00(0)

iθ10(0)θ01(0)

θ10(2u)θ01(2u)

θ2
11(2u)

S3 = −v
θ01(0)

θ′11(0)

θ01(2u)

θ11(2u)
−ν

θ2
01(0)

θ00(0)θ10(0)

θ00(2u)θ10(2u)

θ2
11(2u)

.

θab- theta functions with characteristics.

(S1, S2, S3) = Ξ(v, u, ν)
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Bogomolny equation

"!
# 

S2

Σ−
τ

Σ+
τ

Dirac String
-

y

A+
z = Ξ−1∂zΞ + Ξ−1A−

z Ξ

A±
z → L±(z)
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Bogomolny equation
Στ – elliptic curve,(z, z̄) - complex coordinates.

W (y, z, z̄) = R × Σg

Fields:

1)A = (Az, Az̄ , Ay) - connections in the adjoint representation of

simple Lie algebrag.

F = (Fz,z̄, Fz,y, Fz̄,y).

2)φ- scalar field in the adjoint representation of simple Lie algebrag -

(the Higgs field).

The Bogomolny equationonW

F = ∗Dφ (∗ − the Hodge operator on W )
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Bogomolny equation
~x = (z, z̄, y) , ~x0 = (0, 0, 0)

⋆D ⋆ Dφ = ̟∨δ(~x − ~x0)

̟∨ ∈ H , ̟∨ belongs to the coweight latticeP∨.
ζ = exp 2πi̟∨ - characteristic class.

Z(Ḡ) ∼ P∨/Q∨
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Bogomolny equation
Abelian case - Dirac monopole

φ ∼ im

2

1
√

y2 + zz̄

A+
z (z, z̄, y) ∼ − im

2

(

1
z

y√
y2+zz̄

− 1
z

)

+ const ,

A−
z (z, z̄, y) ∼ − im

2

(

1
z

y√
y2+zz̄

+ 1
z

)

+ const ,

A+
z = A−

z + i∂z log zm , Ξ = zm

∫

Σ+
τ

F =

∫

Σ−

τ

F + m,
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