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|ntegrable system

d=4 |N =4, SUSY YM self — duality YM eq.
l 7
d=3 Bogomolny eq.
N\
d=2 |Integrable systems| ~ Hitchin equations

In our case
R*—R*x%,, 2, =C/(1Z+7)
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|ntegrable system

Integrable systems related to elliptic curve.
Hitchin type systems:

Elliptic Calogero-Moser systems, Elliptic Gauden systehaisptic
tops, Painleve VI, XYZ-model, Landau-Ginzburg equation,

Calogero-Moser field theory;
Their trigonometric, Whittaker-Inozemtsev and rationagjenerations

XXZ, XXX-models, sin-Gordon equation, Toda models,...
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PLAN

1. Characteristic classes

2. New Integrable systems

3. Relations between old and new systems
4. Bogomolny equation
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|ntegrable system

LAX EQUATION |L = |L, M|
L - Lax operatorl, = L(v,u,S; z)

(v,u,S) - dynamical variables (with Poisson brackets),
z - spectral parametere X, - elliptic curve.

L takes values ig=Lie(G), whereG is a gauge group.
M = M(L),

Commuting integrats

Hk,j ~ / tr Lk(z)uk,j(zvz)v {Hkl,ju HkQ,jQ} =0
%,

L(z) is a section of the Higgs bundlever,au.
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L ax operator

1. L(z) is a meromorphic map

L(z) : (3, =C/(7Z+7Z)) — g— asimple complex Lie algebra

2.Res L(2),—,, =S, € O, — a coadjoint orbit of G
3.L(z+1)=QL(2)Q ', L(z+7) = AL(2)A~".

AQATQ™ 1 =1d
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NMonodr om es

GG - a simply connected simple complex Lie group.
Z(G) - its center.G,qg = G/Z(G).

Examples:

1.G = SL(N,C), Z(SL(N,C)) = diag(w, . ..,w),
Ga.q = PSL(N, C).

2 G = Spin, Guqg = SO.

¢ — generator of Z(G) AQA1Q 1 =¢

A andQ are not monodromies @f-bundle, but transition operators f
G.q-bundle.¢ is an obstructiorto lift G,4-bundle toG-bundle.

¢ € H (2, 2(G)) ~ 2(G)

C Is the characteristic class of the bundle
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=Heells
G = SL(N,C), Z(SL(N,C)) = diag(w, . ..,w) wV =1
1. Q9 =1Id, A=exp2midiag(ui,...,un), QAQ A~ =1d
L% (%) - Lax operator of the Elliptic Calogero-Moser System.
2. Q =diag(l,w,..., 0w 1), QAQ ATt =wId

(0 1 0 ... 0)

0O 0 1 ... 0

0 0 0 1

\10...00)

L%¢(z) - Lax operator of Elliptic Top.
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o CliLcl o Ul
groups

urliver osal COVCE 111y

G Lie (G) | Z(G)

SL(n,C) | A, Z,
Spiny,, 11 (C) B, Lo
Sp.(C) Ch, Lo

Spin,, (C) Doy, | Zo ® Zo
Spiny,2(C) | Danpa Ly
FEg(C) Es Jig
E,(C) b Lio

SL(n,C)/Z,
SO(2n + 1)
Sp.(C)/Z;
SQ(2n)/Zs
SQ(2n) /7
E¢(C)/Zs
FE;(C)/Zs
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M onodromies

AOA 'O = ¢. | (L)

A—ghg™', Q— gQg!

e ( — A - Weyl group transformation - a symmetry
extended Dynkin graph.

/\

Oél OéQ
Fig. 1. A, and action of\
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M onodromies
oo O € 'H -Cartan subgroup af.

Q =exp 2mi(K)|, [k=F+uecH,

p=1> ..« -half-sum of positive roots,
h i1s the Coxeter number.

AuA™ =u, (A'=Id)

g=go+9g1r+...1T g1
go - Invariant subalgebra
u € $o- the moduli space
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| nvariant subalgebr as

g 114 [ =ordA g0
An_1 : N:pl UllAp_l N/p Ap_l
By B, 2 B,
Cor+1 Ay 2 B
& Ao 2 C)
Doy 11 Agy_o 4 B4
Doy Agy_3 2 Ci—1
Es D, 3 Gy
E. B > | R
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Relations between systems

Gog — L% 2), (AOQAT'O! = Id)
G— L*(z), (AQA Q' =)

Modification
Symplectic Hecke Correspondence

L¥(2) = 27 1L%(2)=

= IS a singular gauge transformation.
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=Heells
g=4

G = SL(2,C), Gaq=SL(2,C)/Zs = PSL(2,C).

G4 - Calogero-Moser system for two particles:

1
Hg,, = ;v +v7p(2u), {v,u} =1

G - Euler top:

147 5 1

Hg = 5(STo(r/2) + S3o(

155, Sk} = €ikS;
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=Heells

(91()(0) (91()(2U) (9%0(0) (9()()(2”&)(901(2”&)

T TG0 0020 0 (0) 6 2u)

S B (9()()(0) (9()()(2U) (980(0) 910(2u)901(2u
2 0 (0) 001 (20) i6010(0)001(0) 62, (2u)
Sg _ (9()1(0) (9()1(2%) (981(0) (900(2U)(910(2U)

C01,(0) 011(2u)  Boo(0)00(0) 67, (2u)

0.~ theta functions with characteristics.

(Sla 327 S3) — E(?},U, V)
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Bogomolny equation

@ D,

\/ Y
52
) xF
' Af =E719.E4+E71ACE
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Bogomolny equation

Y. — elliptic curve,(z, z) - complex coordinates.

W(y,z,2) =R x %,

Fields

1)A = (A, Az, A,) - connections in the adjoint representation of
simple Lie algebra.

F=(F,:F,, F:,).

2)¢p- scalar field in the adjoint representation of simple Liechigg -
(the Higgs field.

The Bogomolny equatioan W

F =xD¢ | (* — the Hodge operator on W)
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Bogomolny equation
T =(z,219), 2 =(0,0,0)
*Dx Do =w'd(T — °)

w' € 9, w’ belongs to the coweight lattice" .
( = exp2miw’ - characteristic class.

Z(G) ~ P/Q’
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Bogomolny equation

Abelian case - Dirac monopole

5 1M 1
2 YR+ 22
_ m [ 1 1
Af(z,z,y) ~ =3 ;\/ﬁ - | + const,
= m [ 1 1
A7 (2, 2,y) ~ =& ;\/h - = | + const,

AT =A +id.logz", Z=2"

F = F+m,
/z+ / -
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