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Introduction

— Conformal field theories (A.B. Zamolodchikov, 1986; V.G.
Knizhnik, 1986; M. Bershadsky, 1986)

— Higher spin theories in BRST approach (I.L. Buchbinder, A.
Pashnev and M. Tsulaia, 2001)

— Quantum groups ( A.P. Isaev and O.V. Ogievetsky, 2001)



— BRST charge for quadratically nonlinear Lie algebras (K.
Schoutens, A. Servin, P. van Nieuwenhuizen, Commun. Math.
Phys. 124 (1989) 87).

— BRST structure of polynomial Poisson algebras (A. Dresse,
M. Henneaux, J. Math. Phys. 35 (1994) 1334).

— BRST charge for generic nonlinear algebras
(I. L. Buchbinder, P. M. Lavrov, J. Math. Phys. 48 (2007)
082306-1.



BRST charge for constrained systems

Let us consider a phase space M with local coordinates

{(q',pi),i =1,2,..,n;(e(q") = e(p;) = ¢;)} and let

{Ta = Ta(q,p), €(Ta) = €} be a set of independent functions on
M. We suppose that T, satisfy the involution relations in terms of

the Poisson superbracket
{Ta, Tp} = Tngﬁ,

where the Grassmann parities of Ugﬁ = Ugﬁ(q, p) is

e(Ugﬁ) =€yt €3+ €y, and Ugﬁ possess the symmetry properties
U= 10,

The Jacobi identities read

Uy UG, (=1)* + cyclic perms.(a, 3,7) = 0



The main object of generalized canonical formalism for dynamical
systems with the first class constraints is the BRST charge Q.
Construction of the BRST charge involves introducing for each
constraint T, an anticommuting ghost ¢ and an anticommuting
momenta P, having the following distribution of the Grassmann
parity €(c®) = €(Pa) = €4 + 1 and the ghost number

gh(c®) = —gh(P,) = 1 and obeying the relations

{Cavpﬁ} :6ga {Cavcﬂ} =0, {Pa,’Pﬁ}:O,
{c*, Tg} =0, {Pa, T} =0.



The BRST charge Q is defined as a solution to the equation
{Q7 Q} =0

being odd function of variables (p, g, c, P) with the ghost number
gh(Q) = 1 and satisfying the boundary condition

09

= =T,
Oc®

c=0

Solution to the problem is looked for in the form of power-series
expansions in the ghost variables

Q = T,c%+ Z Ps, - - Pp, P, U(ko)élﬁégﬁ:&ﬁkkﬂcakﬂ C 2 —
k>1
= Q1+ Q1.
k>1

(M. Henneaux, Phys. Repts. 128 (1985)1).



The symmetry properties of U) in lower indices coincide with the
symmetries of monomials ¢+1¢c® ... c® while in upper indices
they are defined by the symmetries of Pg, Pg, , ---Ppg,. In
particular

y(k)B1Ba- B (_1)(6a1+1)(6a2+1)U(k)ﬁlﬁzuﬂk

Q100...0 41 Q0 ... Ot ]

— (_1)(6;31 +1)(ep, +1) (y(k)B2r-- Bk

a1 041"

In Yang-Mills theories Ugﬂ = const and Q has the form

1
Q= T,c*+ EPWUVﬁCBCO‘(—l)Ga.

«



Non-linear superalgebras

Quadratically non-linear superalgebras can be defined by the
following specification of structure functions UZB considered above

0

where the Grassmann parities €(F5) = €a + €5 + €4,
€( Vgg) = €a + €5 + €, + €5 and structure constants F; and Vgg

possess the symmetry properties

Fly = —(~1)==F],
) & &
VIS = —(m1)e vy = (—1yee v,



The Jacobi identities

Fi, F5 (=1)“ 4 cycle(, 8,7) =0,

(Ve Fg, + Fltg VY (1) + Fr, VH(—1)wleotad ) (—1)eer 4
+cycle(a, 8,7) =0,

(Ve vgN =1t 4 cycle(uu,v, ) ) (~1) +
+cycle(a, 5,v) = 0.



Explicit form of BRST charge

Let us now apply the BRST construction to nonlinear
superalgebras. In lower order, the following equation is required for

Q to be nilpotent

o o

T ((— 1) [Flha, + T V] — 200 ) c2e — 0,
Thus we receive the following form of the structure function U()

Wy _ L oy €a
u af T §<Faﬂ + T5Vaﬁ>(_1) )

U(l)g — U(E)W(_l)(éa—&—l)(eg-i-l)

and the contribution of the second order in ghosts c® for Q

1
Qs = 5P, (Fly+ TV ) Pe(~1)".



In the third order the nilpotency equation has the form

(=1)%1%2Pg, Tg, (Tﬁa Vv (—1)featcencor 4

ajo Yazas

+4(2)P201 (_1)652) B2 — ().

ajanas
Let us untroduce the following quantities

XB36251 — \/B3P2\so6 (—1)ce2temcar

103 a10 Q203

Xff’gﬁgi — Xﬁzﬁ3ﬁl(_1)6526,@3 — Xﬁ3ﬁzﬂ1(_1)(6a2+1)(6a3+1)

a1 pa3 [e3Ke%k]e%)

which define the nilpotency equation in the third order.

Symmetrization of this quantity with respect to lower indices can
be done as

Xainy = X+ XAt ¢

[e%1e5Re ]

4+ X30201 (- 1)(6a1 +1)(€ayt+eaz)

a3



Then we rewrite the nilpotency equation in the third order

(_1)6@16@2 Pﬂz Tﬁl (Tg3xﬁ3ﬁ2ﬂ1 + 12 U(Z)ﬁzﬂl (_1)652> Coc3 COQ Cocl —0.

[al 042043] Q103

The third set of the Jacobi identities in terms of X% can be
) [a1azas3]
written as

X a2 ](—1)%% + cyclic perms.(f1, 52, 33) = 0.

[crazas

Consider now the quantities N

Q1o
N31a2a3 = Tﬁl Tﬁ3x[i310;ﬂ21a3](_1)6a651 N
Ta NG, apas = 0.
N(()clloczog = T,BNO{é?Oé/BQ}Oé37 Néé?aﬁQ}Oé3 = _Nic?gg}og(_]‘)gaEB'

nias TUN{aﬁ}U

Qo0 Q1003 ”



In terms of these quantities the structure functions U® read

1

U, = s TN 1y,
U(i)l%fég — U(2Oz)1ﬁ0]£é802¢3(_1)(651+1)(662+1)'

Equations to define an explicit forms of Né?gj&

NAB2B1}Bs N{ﬁ2ﬂ3}51(_1)€,@1553 — xPs201 | xPLPabs (1) s,

Q10203 Q10203 [a1aras] [a1azas]

NiB2B1}Bs C(X/335152 _ XPsPb (_1)6[316[32>‘

a1oa3 [041042043] [011042043]

(3C+1)xh% ~0

[crazas]



There are two solutions. The first one

NGB8 — _1 (Xﬁsﬁlﬁz . Xﬁeﬁz& (_1)561562)

arazaz - 3\ Marazas) [a1azas3]
1
USRS, =~ T, (x[ﬂ;f;zf;ﬂ . X[%l%f;ﬂ(_l)eﬁleﬁz)(_1)6ﬁ2

Q3 = —é'Plpz T3, V2382 /o (—1)Ceztesyteares 3020

ajo Yaxas



The second possibility corresponds to restriction on structure
constants of nonlinear superalgebras

PGl —|
[a1az03]
or
V£f£2 Vgﬁi3(_1)€al(€a3+€ﬁl) + cyc/e(al, oo, 043) =0.
It means that Nilﬁéfa];& =0 and

U@Bis2 — 0, Q3=0.

alonas



The condition of nilpotency in the forth order of ghost fields ¢

has the form

1828 Ba1B23
(_1)%3 Pﬁﬂ)ﬁz Tﬁl (Y[a110422033a4] + T54X[a41a126330314] +

+144 U(3)61,82ﬂ3> CM 02 — ()

Qalopa3ag

Dl = FBLvI% Vs (—1)Peresasigs,
Xpm = VPV Vo, (~1)Peresesia,
ParazasypaBs = €ar T €az T €5, + (€a1 + 6012)6/33 + E’Y(Eal + €, + 662)

Symmetrization in four below indices means
Ya1[a2a3a4] + YO(4[O¢1O¢20¢3](_1)(€a4+1)(6a1 +Ea2+6a3+1) +

Y[a1a2a3a4]
(Eal +5a2 )(€a3 +€a4 ) +

+ Ya3[a4a1a2](—1)
Ya2[a3a4al] (— ]_)(Eal +1)(€ayteaztea,+1) ‘



One can prove that

Xﬁ4ﬁlﬁzﬁ3 = 0

[arnazas
and
y P20 — yP2bifBs (_1)(551+1)(eg2+1)
[a1azazaua] — 7 [aronazad) :
1
3)B1B2083 _ 51828
U(ngx;afaf - _m Y[a11042253a4]

and for contribution to BRST charge in the forth order

YO T a1t T30y

O, = _27147>ﬁ3'p,g2pﬂ1 FPry\/oB2 \/53 (—1)Per02as1620s ¢ c3 V2 01



If we additionally propose the fulfilment of restrictions on structure
constants of superalgebra

yﬁlﬁzﬁ% 1= 0

[aranazan

then we can state that there exists the unique form of nilpotent
BRST charge

1
Q = Tac® + 5P, (Fly + Ts Vi) P (1)



Examples

The simple case of superalgebras really involving fermionic
functions is a superalgebra with three generators T, Gy, Go where
T is a bosonic (¢(T) = 0) and Gy, Gy are fermionic

(e(G1) = €(Gp) = 1) ones. In particular, it means that

G2 = G2 = 0. The most general relations for the Poisson
superbracket of generators preserving the Grassmann parities have
the form

{T,G1} = a1(T)G1 + ax(T)Gy,
{T, G} = bi(T)G1 + ba(T) Gy,
{G1,G1} = a1(T) + a2(T)G1 Gy,
{G2, G2} = B1(T) + 2(T)G1 G,
{G1, G2} = 7(T) +72(T) G162

Here a;, b;, o, Bi,7vi, i = 1,2 are polynomial functions of T.



The Jacobi identities for this algebra require the fulfilment of
equations

ajar+ a1 =0, b1+ i =0,
aya —a1a2 =0, by + o1 =0,
aivi1 + a2f1 + bior + boy1 =0,
byas — aj + agby 4+ azb; — byas + a2 = 0,
2y1a1 + agby + 2172 + af =0,
2y1a0 + a1 by — 27201 — a1 = 0,
Biar + 2y b1 + Bay1 + 27261 =0,
Blas — 2y1by — a1 — 27172 = 0,
where ' denotes the derivative of f = f(T) with respest to T.

We have the nine first order differential and one algebraic nonlinear
equations in ten unknowns a;, b;, o, Bi, Vi, i = 1, 2.



We will not study the general solution to this system and will just
list below some special cases. We have the following examples:

1. {T,G}=0, {T,G}=0, {G,G}=uoT),
{G2,Go} = B(T), {G1, G2} =~(T).

For quadratically nonlinear superalgebras
((T,61,G2) =(T1, T2, T3),e1 = 0,62 = €3 = 1)

a=AT+AT% B=BT+B,T2,
’y:DlT—i—Dsz,

F212:A17 F:}3:Blv F213:D17
1
Vil = Ax, Vit =By, VJi= 5Dz.

In what follows we will identify the ghost variables
(C17 C27 C3) = (C7 n, 772)7 (Pla 7)27 P3) = (Pv Pla 'D2)



Explicit form of structure constants allows us to conclude that
indices 1, (82, 83, 0 for non-trivial relations in restrictions should be

br=p=0BF=0c=1

Va1 Vagas (1) @103 4 cycle(on, a, a3) = 0(?)
where (?) denotes the statement which should be checked. These
relations are satisfied because of le = 0. Non-trivial relations in
the second class of restrictions may occur when v = ¢ =1 and all
terms in these relations contain Flﬁ1 = 0. Therefore the nilpotent

BRST charge for this example has the form
1 2, 1 2
Q = Tc+ Gm+ G+ §A17)771 + 55177772 + D1 Pnimp +
1 1 1
+5AP T + S BP T3 + 5 DoP T

In this example there are no restrictions on parameters
(A1, B1, D1, Az, By, Dy) which define superalgebras.



2. {T, Gl}:a(T)Gl, {T, GQ}ZQ(T)GQ, {Gl,Gl}:O,
{G2, G2} = B(T)G1Gay, {G1, G} =~(T)G1Go.

a:A0+A1T7 /8:807 ’Y:D07
F122:A07 F133:A0,
1 1 1 1
ViZ = 5Al, Vi = 5Al, VE = 5BO, VE = 5Do.
When Ay = By = 0 the algebra belongs to

self — reproducing algebras (Dresse, Henneaux, J. Math. Phys.
35 (1994) 1334).



Analysis of the relations gives us the following restrictions on
structure constants of superalgebras in this case

Vig=V5 =VE =0, (Ai=Dy=0).

Due to the facts Vf},‘yl =0 and FC{B = 0 for all values of «, 3,7, the
relations are satisfied. The nilpotent BRST charge can be written
in the form

1
Q = Tc+ Gim + Goma + Ao(Pim + Pamp)c + EBO(P2G1 — P1G)n3



3. {T, Gl}:a(T)Gz, {T, G2}:b(T)G]_, {GQ,GQ}:O,
{Gl,Gl}:a(T)Gle, {Gl,Gg}:’y(T)GlGQ.

a=Ac+A1T, b=By+BT, a=C, =Dy,
F132:A0a F1232807
Vis = Ala Vi = 31, Vis = Co, Vs = Do-

Analyzing the relations we obtain the following restrictions for the
superalgebra to a linear one

VIE =V =V = V35 =0, (A =B1=C=Dy=0)
with the usual nilpotent BRST charge for linear superalgebras

Q = Tc+ Gim + Gama + AoPamic + BoPimac.



4. {T, Gl}:a(T)Gl, {T, GQ}:O, {Gl,Gl}:a(T)Gle,
{GQ,GQ}:/B(T)G]_GQ, {Gl,GQ}:’)/(T)GlG2.

a:A0+A1T7 a:COa 6:807 7:D07
F122 = AOv
V12 = Ala 22 - C07 V33 - BO7 V23 - DO'

As in previous case, analysis of the relations restricts the
superalgebra to a linear one

Vl V22 — V33 — V23 — VU, (A]_ - BO — C() - DO — 0)
The nilpotent BRST charge has the form

Q=Tc+ Gim + Goma + AoPimic.



5. {T, Gl}ZO, {T, Gz}:bl(T)G1+b2(T)G2, {Gl,Gl}ZO7
{GQ,GQ}Zﬁ(T)Glcg, {Gl,Gz}Z’}/(T)GlGQ.

blZBO+BlT7 b2:B2+B3T7 5:847 V(T):D()’
F123:BO, F133:B2:

1 1
Vis = 547 Viz = 5517 Vis = §B37 V35 = DO'

Analysis of the relations gives us the following restrictions on
structure constants of superalgebras

Due to the facts Vgﬁj = 0 for all values of «, 3, and

FZ, # 0, F% # 0, the relations are satisfied. The nilpotent BRST
charge can be written in the form

1
Q=Tc+ Gim + G + <30P1 + BoPo + 531(77@1 + P T))Uzc



Discussion
We have analyzed possible restrictions on structure constants of
nonlinear superalgebras which can be dictated by the nilpotency
equation for the BRST charge. These restrictions may occur

beginning from the third order in Faddeev-Popov ghost variables.
In this order the restrictions

X’BI’B2’83 -0

[caapaz]

lead to Q3 = 0.
In bosonic case these restrictions have the form

Vﬂlﬁz Voﬁs —0.

olan “azasz] T

In the paper written by Schoutens, Servin, van Nieuwenhuizen,
(Commun.Math.Phys.124(1989)87) the restrictions

VBB 9B _ (.

oca; Yaras

were used.



In the fourth order the restrictions

y P62 1= 0

[aranazan
which in bosonic case have the form

F'yﬁé VUﬁ2 V’Y/63 -0

[a1an " azaa]

allow to state the existence of BRST charge in the unique form

e 1 o o €
Q= Tuc® + EPW(F;ﬁ + TgVag>cﬂc (—1)°.



Thank youl!
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