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I) Introduction

Why N=4 SYM ?

= = simplest QFT
- the most basic realization of gauge/gravity correspondence

= = may turn out to be exactly solvable
applications which have been fruitful
unified theory of 3+1 forces not anticipated 20 years ago



Conjecture :
N=4 SYM and IIB Superstrings in AdS. X S° are equivalent

the conjecture assumed in my talk

A new approach to AdS/CFT by Alday-Maldacena ‘07

“Scattering amp. as opposed to correlators and their anomalous dim.

Semiclassical string cal. as opposed to SUGRA appx.

Situation our corner
as Wilson loop exp. as Minimal area.
on D(-1) 1 D

planar T-duality

representation on D3 v N

gauge coupling weak strong



Things known before our work

First introduce, with regard to n-gluon amplitude,

[1 ; polygon formed by a set of gluon momenta
A (1) ; one-loop result of the scalar fn from MHV amp.

also

Dp ; log of the abelian Wilson loop
average with I ;

= f g2
T Inn (y — )2t

M) = D by explicit computation

Drummond, Korchemsky, Sokatchev; Brandhuber, Heslop, Travaglini;
Mironov, Morozov, Tomaras.

c.f. Gorsky’s talk, Makeenko’s talk



The BDS (Bern-Dixon-Smirnov) exponentiation e"D”
represents a substancial part of the complete amplitude 4,,,
but by now nonvanishing remainder fn confirmed numerically,

starting at n=6, L=2 loop at weak coupling. BDKKRSVV 08031465
DHKS 08031466

Correspondence between the scalar MHV function and the
Wilson loop appears to be valid beyond one-loop.

our comparison at the wavy circle
in the strong coupling limit - Apn(area) v.s. kDp

em/XDn ; extrapolation of BDS to strong coupling
ex/XAn ; semiclassical string amp. Ap minimal area

reveals disparity analytically
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2
AdS / CFT duality ; va=\g2n =" = <,
o N

work on the Euclidean worldsheet =y, 2=y

The 1st ansatz; y3=0 --- @
1
SE.NG = - dyirdyovVdet H , H;; = T—2(5ij_8iyoajyo+ai"°aj"°)
recognize thisas f()\) ° large /X

The 2ndansatz; 1=yt +71 < Y* =0 ... @

@ and @ contain the Alday-Maldacena rhombus solution.
(y° shift involved)



Eq. of motion

Hoo Hi
0 ;0 0 0 0
Yo 1 <r2 S 1yo> + 92 <r2 3z 2y0>

H>q Hqo
— 0 s, — 0 s, =0
. <r2 det H 2y0> ’ <r2 det H 1yo>

or : sSimilar one

In practice, eliminate ¢ through Sg v and @

linearization W.r.t. %o

AI|\/||\/|yO:O ,Where AIMM :AO_DQ_I_D
Ao = 400, D = 20 + z0
. _ y o
general regular solution: Yo = ) Re(apz")gp(z = 2%)

k>0
A complete set of harmonics :

(2) = 1+ EkvV1—2x 7 (z) = 1 —kvV/1—2x
T vi—ar YT Ao v

linearization - Apgnm a@ppears to be generic




IIl) = Exact solutions (minimal surfaces named by their bndaries)

rhombus (light like)

v

IQD:].

Alday-Mal 1

infinite strip (planar)

(27)?

st = I /ay

Alday-Mal 3

circle (planar)

3

Feircle — —

Berenstein, Corrado,
Fischler, Maldacena

®+®+ uyO:On

two circles (parallel)

O
—

Olesen-
Zarembo

non universality
not well understood

7
how to deal with the issue Aq =~ kDp fruitfully

our proposal : make them WAVY
by introducing eely many parameters




formulation

2

the circle solution = =1 — yiz

deform the circle into
by the conformal map » = H(¢)

o
9z=1+4+ Y khy¢* '=0H=1+06n Jz=0
k=1

unit circle = pre image

1< E2
> bdd by Tl
zZ=y1 + 1Yo

find (. & R B) st r2(2,2) =1 - ¢+ a(¢, Q)

aljgl=1 =0



action

VA5 1 _ =
Syela,h] = E/dzgrbmzu|aH|2(|aH|2+43ra-r)

1 ; regularization
once again, eqg. of motion ;

oc \ _{ oL \ oc 1 o o
=20 (a(aa.)) +0 (a{éa)) " Ba  a(1-— g§)3/2{&“‘“"“’1(a(g‘ ) +Rlaih, h")}

and

N ¢S ST &) NI
lterative construction of the solution ;
Apam (@ (6,0 + Th(Q) + ¢i(D) = 0
Am(@®(¢,0) = R (a;n,B) , k> 2
0= a® 4o gk

invert by the method of constant variation or Green fn
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IV
)i) Notation and our results

mLn ! h h
AIIZIEQ‘ — AI‘I_ 2,U, +2?T — _3ﬂ- (Z (_)m+n44;(fjl..|f;f};lm|£1...{nhiifl+l e h';fm‘l'lh{l_'_lh{ﬂ_i_l)
] .11

2 )
reqg __ ?TLH ™ 2 + (m|n) _ _
D™= DPn- 4\ +E =7 (;(_)m nD;fl...;;,,n|r;1...{nh'ﬁ:1+l o M1l 100,41

k;, £; sums understood

1, M\ ;regularization parameters, Lp ; the length of the contour I

40 _ B+ DEE-1) o) IMM?2
klk 6 — Ykik
(2]1) _ (‘E'-Tl + 1)(;{72 + 1) 2, 1.2 . : N (21D

A ety = > (M{+k3+3k1ko—k1—ko) = D0y

= will see that the conformal inv. + polynomial assumption on

indices ensure

(m|1) _ n(m|1) (1ln) _ nl1n)
Akl,...,kmlkl—l—...—l—km _ Dkl,...,kmlkl—l—...—l—km ’ Aﬁl—l—...ﬁ—fm_wl,....}f.n T DE]_-I—...-I—E-mw]_,‘“,En

- The conformal inv. does not control the cases min (s, 7) > 2
with indices %;+ 1. 4+ 1> 2 and
we find  ,(22) ~ p(22) analytically 1



)" Pn
- Representation of a generic coeff D(™I") as a multiple sum

‘Efl km E"1 €n
* D(mn) Em|€1,e--sfn = symmetrized (Z Z Z z (;Lm —i’m)(in —}n))

E.]_:D i’l.'-n:D j']_:D _}.n:O

m

where Z?’p_l_ qu—ka—Zﬁq

p=1 p=1
- all of DY) can be summed to give

. — 1 7 L (255
pll) = Z D(ml )Fumlh-l- +F1mh;="1‘|‘1 e h-,zfm_|_1h-;;1+___+km.|_1 == —Ej{h(C)Sg(s')Cde

m=1

"

L 3 ("2 . .
z=¢+ Y mt® and  Se(2) = ’Z—, -5 (’Z—,> ; Schwarzian derivative
k
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= Highlight

= coincidence

A,Elll) _ i : 1) _ Di(lll)
) _ G+DG+1) (2, 2, 4.0 . .\ _ ~21)

A-ij = - (t‘. +7°+3i5—1 _j’) = D-z‘j

A1) _ (+1)(G+1)(E+1)
ko 18

17k

(P+72+HR24305+ik+i) —G+i+8) ) = DGV

- difference

422 — 5 E+1
Cule T g - D+ + 1)
x{zmr‘““ + 5% + 8i%% + 5ij> + i*) + 2(i + 1)° — 2(k — k + 1)i%5°
FERZ 4 E— 2% — i+ i)+ (3 436 — 1067 4+ 4k — 2)ij — (P 4+ k- 2)

—% ['2&3 4+ k2 — 2k 4 2 4 7 4+ (TR 92 — 16k 4 16)i5(i2 + %) + (9k3 + 1557 — 24k + 24)i%2
i+

—2(k3 + 12 — 2k + 1)(i% + §2) — (53 + 317 — 8k + 4)ij | } o) TR PR YRR A

. - " R 1 l. ) ) ) B - - ]
fo‘iﬁ" = fGitjk+ing 4{_{4 + 1G4+ Dk + D+ 3i+ 52— i — )
3 N _ —
—(i++ 3 +2)(k + 2)(k + 1k(k — 1)+ Z(k +3)(k + 2)(k + DRk = 1) Jhigrhpafiesafirg
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iv) Conformal Invariance

With the AdS3 ansatz, reduces to SL(2).
When acting on a functional F[z(s)] of a parametrized curve

MN:s—>C
The three generators are
R OF
J_F = j{ . JoF = j§ LA
z(s) 0z(s)
OF
JL F = j{ 2
T 52(3
Oh,o Jo = Oh,l + kzo kah,k
) S 9
J + 2 + hihm
T 8h2 kgo 8h’k-|—1 k, nz 0 " 8hk—|—fm

the integrand of p, varies by a total derivative under
infinitesimal version of SL(2,R) ; , 0% + b

¢ ez —+ ¢
SL(2,R) is an isometry within our ansatz
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Use :

e.g. 43 J_ annih. = vanishes if any one of the indices

Ttk ] ]
, , is minus one
with 4211} Al gjven

Let

S = ali4 1) G+ (b41) (4722 B+ ik+ik) 7 i+ +)+3

. . 1
Jo . JL annih. = TR p=3, y=-1, 60=0

Hence, the assumptions of the polynomial structure and

of the conformal inv. of Aq and Dy = Al = p(m|1)
A(m) — p(tim)

« A(m) with min (m, n) > 2 fails to be a polynomial.

15



v) Nonplanar Case

relax the requirement y° =0

the b.c. are now
r(¢.¢)] . =0

¥0($, 0| . =Y g+ Y gl
(=1 k=0 k=1

the iterative procedure
r(¢, <) as before

y0(¢,0) =M. O + b2, + -
b, D =Y axFo(cD) + Y a-ikl9x(¢O)

A and D coincide up to the cubic orderin 4, 7 and ¢ .

16



V)

progress on the construction of classical
spyky solutions in AdS space, Jevicki, Jin 0903.3389
Dorn, Jordadze, Wuttke 0903.0977

discretized, numerical approach to NG eqg. & minimal surfaces
Dobashi, Ito, Iwasaki 0901.3046, 0805.3594

progress on the remainder fn
ABHKST, 0902.2245, 2-loop, ¥y,

exact determination of the remainder function in R%>!
Alday-Maldacena 4,5 0903.4707, 0904.0663
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