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Outline

Background & Motivation

> AdS/CFT and integrability, twist operators and their large spin expansion

Reciprocity

> At weak coupling

> At strong coupling







The central role of N=4 SYM

from string theory to strong interactions

AdSs x S° gsz 1 N Sut—QCD

I | | II

I. AdS/CFT duality conjecture [Maldacena, 97]
type IIB strings on AdSsxS° < N=4 Super Yang Mills in d=3+1

> Agreement of underlying symmetry PSU(2,214)

2
» Weak/strong coupling duality )\ =N g%M, V= R_

)
Oé,

» Prediction FEstring = AcrT

» Planar limit N — oo = g5 = 0 free string. Integrability!

I1. Superconformal (f=0) vs. confined (5<0), SU(N) vs SU(3), adjoint vs fundam.




The central role of N=4 SYM

from string theory to strong interactions

energies E <«——>  scaling dimensions A\ > “splitting functions” P (Qj)

AdSs x S° gY:M 4 N Sut—QCD

I | | II

I. AdS/CFT duality conjecture [Maldacena, 97]
type IIB strings on AdSsxS® <> N=4 Super Yang Mills in d=3+1

> Agreement of underlying symmetry PSU(2,214)

2
> Weak/strong coupling duality )\ = N g2,,, V= R A \

a/ Y N — gS
» Prediction FEstring = AcrT

» Planar limit N — oo = g5 = 0 free string. Integrability!
I1. Superconformal (f=0) vs. confined (5<0), SU(N) vs SU(3), adjoint vs fundam.

RECIPROCITY: Large (Lorentz) spin expansion of scaling dimensions and

energies = Mellin-space translation of a reciprocity relation for “splitting
functions” P(x) = —xz P(%) (when = — 1)




Integrability

Quantitative understanding of the duality: remarkable boost with data from
perturbative gauge theory (4-loop in \) and perturbative string theory (2-loop in 1/V')).

Framework: integrable structures discovered on both sides of AdS/CFT (planar limit!)

Integrable CFT: not in the sense of ‘
factorised space-time scattering -
[not really “not”: Beisert, Gorsky, Lipatov talks]

Observal?les gf the theory: C01.‘re1ation functions O = Te(XYEF (D, 2)...)
of gauge invariant local composite operators

It is integrable the evolution of the composite operators with the RG scale.

Planar dilatation operator maps to a spin chain D(N) =99 + Z )\KH,E,?t egrable

Hamiltonian, integrable = solvable via Bethe Ansatz. 0>1
[Minahan Zarembo 02]

Features not exclusive of N=4 SYM! [Lipatov 93, Fadeev, Korchemsky 94, Korchemsky 95]
[Belitsky, Braun, Derkachov, Korchesky, Manashov, 98-99] [Belitsky, Gorsky, Korchemsky, 03]







The spectrum of AdS/CFT

» Easier with S-matrix: constrained by the global symmetry plus crossing symmetry
and string data ~ = All-loop PSU(2,214) asymptotic Bethe equations.
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The spectrum of AdS/CFT

» Easier with S-matrix: constrained by the global symmetry plus crossing symmetry
and string data ~ = All-loop PSU(2,214) asymptotic Bethe equations.
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The remarkable outcome: cusp anomaly

A spectacular example of interpolation between weak and strong coupling.

> QCD: logarithmic scaling in leading twist operators at large spin S (x-1)

Y(S) = 2T cusp (@) log S + O(SO) Og = q(7+D+)Sq

» N=4 SYM: Twist two operators in sl(2) C psu(2,24)
(8) = f(A) log § + O(5") Os = Ti(pD¢)
Integral equation from the Bethe Ansatz. [Beisert, Eden, Staudacher 06]

A \? 1123 B 16( 73 A4

= = _ 14 2)
o2 9672 + 2304072 4G +

= At weak coupling  f(\) 630 10068 T

v Agreement with MHV 4-point gluon amplitudes of N=4 SYM at four loops
)

log A = -

+ ... [Bern, Czakon, Dixon, Kosower, Smirnov, 06]

= At strong coupling f(\) = [Basso, Korchemsky 07]

» STRINGS: Agreement with two loops string calculations ! [Roiban, Tseytlin 07]






Motivation of our work
Large spin expansion BEYOND the leading order

Yoo (8) = f(N) log S + B(\) + ...

First subleading order

» Relation between B and g()\) log A = [Dixon, Magnea, Sterman 08]

confirmed at strong coupling! [Alday 09]

> Integral equation for B [Freyhult, Zieme 09]




Motivation of our work
Large spin expansion BEYOND the leading order

Yoo (8) = f(N) log S + B(\) + ...

First subleading order

» Relation between B and g()\) log A = [Dixon, Magnea, Sterman 08]

confirmed at strong coupling! [Alday 09]

> Integral equation for B [Freyhult, Zieme 09]

Further subleading orders

need closed formulas as functions of the spin S

> Most powerful tool: Bethe equations (+ Liischer corrections)

Solvable only numerically with QCD-inspired Ansétze ...







N=4 5YM and QCD interplay:
Maximum Transcendentality Principle (MTP)

The N=4 (universal) twist two anomalous dimension at n loops is a linear combination of
harmonic sums of transcendentality 2n — 1.

[Kotikov, Lipatov, Onishchenko, Velizhanin, 04]

~D(8) Z ¢S+ (5) = ¢ 51(9) (Nested) harmonic sums

[T|=1

7(8) Y e S.(9)

|7|=3

Y(S) = Y er50(5)

|7|=5

Three-loop twist two anomalous dimension extracted from the “most complicated
terms” of the QCD result of [Moch, Vermaresen, Vogt, 04] With Cr=Ca=Nc

» MTP confirmed in [Kotikov, Rej, Zieme, 08] and generalized in [Beccaria, Forini 08]

Y

\ fy’r( ): Z HTg(n)

k
k+4=T (n T 1)
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\ fy’r( ): Z HTg(n)

Y

(n+ 1)~

N=4 SYM and QCD interplay: 11
x — 0, negative spin S (BFKL equation)

k+0=T1

Prediction for poles arising for negative values of the spin  [Balitsky, Fadin, Kuraev, Lipatov 77]

=» Breakdown of the Bethe egs. at four loops [Kotikov, Lipatov, Rej, Staudacher, Velizhanin, 07]
=) Correctness of the full twist two anomalous dimension! [Bajnok, Janik Lukowsky, 08]







Large spin expansion of closed formulas
Experiments

Ex.1 One-loop anomalous dimension (N=4 SYM twist two)

_ 4 3 1 2 _
= — 81 22 _ _
”}/1(3) 8S1(S) & HS—|—S 252—'_1554 6356, S S—|"7E

Express in terms of C? = S(S + 1)

4 4 39
C) ~ 8InC _
71(C) Bt 32 T 1501 T 31506 T

Only even powers of C~!

Ex.2 Two-loops

12(S) = -—16 [53 +S_3—25_51+251(52 + 5—2)}

A2

1
~ —nglnS— 24(5 + —(321115— —) +...

S 3

All powers of C~' but odd powers of S™" are not independent!




Large spin expansion of closed formulas
Experiments

Ex.1 One-loop anomalous dimension (N=4 SYM twist two)

_ 4 3 1 2 _
= =81 R —— — S=3S5
”71(3) 851(5) 8 IlS—|— g 232 + 15 54 6356’ ‘|"7E

Express in terms of C? = S(S + 1)

4 4 39
C) ~ 8InC _
71(C) Bt 32 T 1501 T 31506 T

Only even powers of C~!

Ex.2 Two-loops

12(S) = -—16 [53 +S_3—25_51+251(52 + 5—2)}

A2

1
N —§7T21n5— 24(5 + —(321nS— —) +...

S 3

All powers of C~' but odd powers of S™" are not independent!

= QCD twist operators up to three loops [Moch, Vermaresen, Vogt, 04]

log .S
52 5

v(8) AlogS+B+C —

A2
C o5 ——>  Non trivial! A, B, C depend on the coupling!







Generalized Reciprocity in (QCD and) N=4 SYM

Rephrase the large S expansion of 7y in terms of another function t

1
v =1£(5+37)
the evidence is that 1 has a (large S) parity invariant expansion of the form

an(InC)
CQn

£(S) C? = S(S +1)




Generalized Reciprocity in (QCD and) N=4 SYM

Rephrase the large S expansion of 7y in terms of another function t

1
v =1£(5+37)
the evidence is that 1 has a (large S) parity invariant expansion of the form

an(InC)

o C*=5(S+1)

£(5)

In Mellin space, parity invariance becomes

F(zr)=—zF (l) where f(x)

X

or a generalized (Gribov-Lipatov) reciprocity .

Original GL reciprocity formulated for splitting functions.  [Gribov, Lipatov, 72]
Broken in QCD beyond leading order.

[Curci, Furmansky, Petronzio, 80]




Generalized Reciprocity in (QCD and) N=4 SYM

Rephrase the large S expansion of 7y in terms of another function t

A¢
v=1(S+ 37)

the evidence is that 1 has a (large S) parity invariant expansion of the form

an(InC)
CQn

£(S) C? = 5(S + 1)

In Mellin space, parity invariance becomes

F(zr)=—zF (l) where f(x)

X

or a generalized (Gribov-Lipatov) reciprocity .

Original GL reciprocity formulated for splitting functions.  [Gribov, Lipatov, 72]
Broken in QCD beyond leading order.

[Curci, Furmansky, Petronzio, 80]

{:{ In QCD ’Y(S) = f(S + %’Y(S> ~ %6) [Basso, Korchemsky 06]






Interpretation I: revisiting parton evolution

» The DGLAP evolution equations for the parton distribution function

df 5 (z, Q?) :/ %P o), (;,Q2) c— ST s.pace-.like (DI_S)

dlog ()? time-like (e*e-ann)

o1, in Mellin space,

dfa(SaQ ) _ _%70(57043(@2)) fg(S, Q2) — ——/ —CCSP 33 Oés(QQ))

dlog ()?




Interpretation I: revisiting parton evolution

» The DGLAP evolution equations for the parton distribution function

df 5 (z, Q?) :/ %P o), (;,Q2) c— ST s.pace-.like (DI_S)

dlog ()? time-like (e*e-ann)

o1, in Mellin space,

dfe(5,Q%) _ _%%(5, as(Q%) f,(S, Q%)

dlog ()?

» Proposal: Reciprocity Respecting Evolution Equations [Dokshitzer, Marchesini, Salam, 05]

LoD [Srean(Goe) o

with a universal kernel P (identical in for space-like and time-like evolution)
[Gribov, Lipatov, 72]




Interpretation I: revisiting parton evolution

» The DGLAP evolution equations for the parton distribution function

dlog ()? time-like (e*e-ann)

o1, in Mellin space,

df 5 (z, Q?) :/ %P o), (;,Q2) c— ST s.pace-.like (DI_S)

df (S, Q? 1
J;IE)gQQ?) =—57%(5 as(Q%) fo(S, Q%)

» Proposal: Reciprocity Respecting Evolution Equations [Dokshitzer, Marchesini, Salam, 05]

dﬁgg?zlf%WZ%mng@)

with a universal kernel P (identical in for space-like and time-like evolution)
[Gribov, Lipatov, 72]

Evolution is now solved by the non-linear relation

:P(S—;w4&>

1
Assuming P(z) = -z P (a;) MVV relations satisfied ! (up to a term..)



Intepretation II: conformal symmetry [Basso Korchemsky 06]

Operators O = Tr{D’' X...D"’ X } : reprs of the collinear SL(2; R) subgroup of SO(2, 4)
[Ohrndorf 82]

Different SL(2; R) multiplets cannot mix under renormalization: their anomalous
dimension depends on the conformal SL(2; R) spin s

(S+A)

S = S = Lorentz spin /\ = scaling dimension

2

The scaling dimension receives anomalous AN =S+ J+7:(S)
contribution due to interaction

= the conformal spin gets modified in higher loops (e.g. X = scalars)  [Belitsky Mueller 98]

7 J o1
s(A=0) =5+ s(A) = S+ 5+ 5(S)

or: The anomalous dimension is a (twist-dep) function of the conformal spin

v(S) = f (s + %7(3)) InQCD (S) = f(5+ 37(5) - 35)




The evidence of reciprocity [Basso, Korchemsky 06]

The parity invariance (reciprocity respecting RR) of {

() =%

n

is verified for a large class of operators O = Tr{D*' X...D*’ X'} ki+..+k;=S5
with C? the Casimir of SL(2,R) C SO(4,2)

C2=(S+JO(S+JL—-1)

v All twist-2 anomalous dimensions in QCD and /N=4 SYM (3 loops) [Basso, Korchemsky 06]

v Twist-2 at four loops (including wrapping) [Beccaria Forini 09]

v Twist-3 scalars, gauginos, gluons in /N=4 SYM

[Beccaria, Marchesini, Dokshitzer 07] [Beccaria 07] [Beccaria Forini 08]

[Notice: for twist-] > 2, anomalous dimensions, as functions of S, occupy a band!
Reciprocity has been only detected for the minimal energy, lower edge of the band]




Reciprocity and AdS/CFT?

Anomalous dimensions of ' ' Energies of semiclassical
operators in N=4 SYM strings in AdSs x S°

ux
Bosonic AdSsxS° g-model I = yp= drdo G, (X) 0, XH0* X" +

states belonging to reprs of SO(2, 4) x SO(6) = Classified by (E, S1, S2; J1, ]2, J3).

> Operators with large Lorentz spin and minimal energy: folded strings rotating in AdS3

A S
E =5+ \/—_ log — 4+ ... S > \/X [Gubser, Klebanov, Polyakov 02]

T TV

> Classical energy F = VAE(w) and classical spins S = VAS(w), J=VAJ(w)

The energy organizes in the semiclassical expansion

E:\/_ E0—|——

> Logarithmic behavior confirmed at one and two loops [Frolov, Tseytlin 02]
[Roiban, Tseytlin 07]




Folded string in AdSs.1

S5 momentum ] ignored <€ twist of the operator small compared to Lorentz spin.

» Ansatz for a stationary solution rotated and boosted (0 < p(0) < po)

coth’ po =141

1 1
» Exact solution sinh p = — sn [K) n o, ——] : 0<o< -
V7 U 2

» Integrals of motion: energy and spin

E:H:f_/

0

In parametric form

2
E=——2=%8K
TN




» In the “long string” limit 7 — 0

InS —1 21n23—91n3—|—5 _
Y Structure! — =
TS 16 7382 + S=87S

v Reciprocity! the function f runs in even negative powers of the Casimir C =S

—|InS —1
708 " +167T282—|—

f(S)

. InS +1 O(%)]H,)(%)

L
VA
Folded string in AdSs; x St

» Add J=+v)\7 and consider the limit S>> J
» “Slow” long strings J < InS

1 B 7sz 7T3j4
Structure S - T7~-(InS -1 _ (1 —
E=8-Im S=1+ =~ g

N T 3W3j4(1 2
2In’S 4In*S 3InS

) + } —- .

1
v Reciprocity! fruns in even negative powers of the Casimir C =85+ 55

» “Fast” long strings In S < J < § : again reciprocity respecting .







Spiky strings
vs. higher twist on excited trajectories

Rigidly rotating , n cusps or spikes.

Same asymptotic log BUT proportional to # spikes
n >2 = higher energy for given spin

[Belitsky, Gorsky, Korchemsky, 03]
n 167S Y Y Y

E—-—S=—1In 4+ ... [Kruczenski 04]
27T n [Dorey 07]

Beyond the leading large spin limit: the ends of the spikes do not approach the bndry

) n — D)
g , S e
Y Recipr : NO! 2W{1n8+q1+ 3 + ...]




Spiky strings
vs. higher twist on excited trajectories

Rigidly rotating , n cusps or spikes.

Same asymptotic log BUT proportional to # spikes :
n >2 = higher energy for given spin

[Belitsky, Gorsky, Korchemsky, 03]
n 167S Y Y Y

E—-—S=—1In 4+ ... [Kruczenski 04]
27T n [Dorey 07]

Beyond the leading large spin limit: the ends of the spikes do not approach the bndry

) n — D)
g , S e
Y Recipr : NO! 2W{1n8+q1+ 3 + ...]

2 3
However S—SzﬁlnSJr " InS — n In’S + ...

2T 828 64 w3852
is consistent with the functional relation

VAn VAn 1

=5 ln(S—l—% o lnS—I—...)—I—... E—S:f(5+§(E—5)>

v Exactly as it happens at weak coupling! [Belitsky, Korchemsky, Pasechnik 08]
For corresponding to higher twist |=n operators with non minimal anomalous dim.




String perturbation theory: I

» With the 1-loop corrections included:
the structure of the large spin expansion remains the same?

are the “MVV” constraints still satisfied?

Gauge and string perturbative expansions are different!

Gauge theory A< 1 S = fixedandthen S >1
S

S
String theory /) > 1 o fixed and then 7 > 1




String perturbation theory: I

» With the 1-loop corrections included:
the structure of the large spin expansion remains the same?

are the “MVV” constraints still satisfied?

Gauge and string perturbative expansions are different!

Gauge theory A< 1 S = fixedandthen S >1
S

S
String theory /) > 1 o fixed and then 7 > 1

» Standard procedure for leading (1 loop) quantum corrections - folded string

~

Fluctuation lagrangean [, — 2-d Effective action 1';

Euclidean E ’Z’ — d
1 — _ T — OO
— KT /




String perturbation theory II: details

[Foerste, Ghoshal, Theisen 00]
[Drukker, Gross, Tseytlin 00]

» 1-loop correction to the effective action (conformal gauge) [Frolov, Tseytlin 02]

T [~ p I det[—0% + w? + p'?] L9 det[—07 + w? + 2p'?]
- W 11
ir o | det[—0% + w? + k2] det[—0% + w? 4 2K3]

det®[—0? + w? + KZ] det Q. det P,

— In + In —1

n
det”[~0F + w? + 2x5] det”[—0F + w?] det QY det QYY)

Q). : quadratic fluctuation operator )., = quo) +n QS) + ...

» We calculate the O(7) correction [ = Fgo) -+ nfgl) - (’)(772)

» Order zero contribution (constant mass relativistic fields on the cilinder!)

0

1
r{% — 5 > [ 2\/n2 + 2K§ + \/n2 + 4Kk§ + 5Vn? — 8\/n2 + K ] [Frolov, Tseytlin 02]

n=-—oo

» Order eta contribution




String perturbation theory: I1I Final result [Beccaria, VE, Tirziu, Toeytlin 08]

» The 1-loop correction to the energy up to order 1/S is

b1 ] b In? N |
El :bO 1n5_|_bc_|_ 11 IlS—I— 10 _|_O ( 1 S) C: sensitive to turning

S 82 point contributions

31n2
2 )

1 1
bl() — ﬁ[—6ln2 (1n87T— 5) +C:|

Zl(—31n2 1n87r—|—c), b1 = —
T s

V' The structure is identical to the one at weak coupling!
Despite the different order of limits...

v Coefficients in the large S expansion related by reciprocity!

1
bi11 = apbo , bio = 5(&0[% + boa.)

where & —S8=aoInS+ac+ ... is the expansion of the classical part.

Strong indication that reciprocity holds also at strong coupling




Uses of reciprocity
you can’t explain it...just assume it!

» Guiding principle for further orders (string sigma model) calculations

» Tool that drastically simplify calculations of multiloop anomalous dimensions

Example: twist three at 5 loops. Tr (D' ZD* ZD*Z) with S =51+ 52+ s3

Maximum Transcendentality Principle: 256 terms! Numerically challenging

1. Look for a reciprocity respecting basis of (complementary) harmonic sums

1
Map: Qa(Sb,c) — Sa,,b,c — 5 Sa+b,c-
[Beccaria, VF 09]

Combinations: = w, (Qas....ay)

aj,... —a1

2. Write the MTP ansatz in terms of the RR basis (-1)" " = (-1)¢
3. List of values from Bethe Ansatz (now an over-determined set of equations!)

4. Evaluate wrapping corrections from Luescher formulas




— 1365, + 3685 5 + 283255 7 + 427255 ¢ + 8485, 5 — 302455 4 — 2736553 — 116857 5
—496S5 1 — 53765, 1.7 — 123525, 5.6 — 883251 3.5 + 1600S] 4,4 + 39685 5.3 — 6451 6.2
—13448) 71 — 12352851 6 — 137608525 — 211255 5 4 + 428855 4.5 — 96055 5.5 — 544055 .1
—9088S55,1 5 — 243255 9.4 + 512055 5.3 + 268855 45 — 41605351 + 1280541 4 + 58245, 2.5
64005432 + 211284 4.1 + 512055 1.3 + 620855, 2.2 + 53125551 + 390456 1.2 4 3904562 1 » (Correct asymptotics;

+1728S7’1,1 + 2150451,1,1,6 + 22784517172,5 + 563251717374 — 128051,1,4,3 + 69125171’5,2 1 d. 1
4115208) 161 + 227845, 215 + 908851 2,94 — 10245 2,55 + 67845 5. 4.5 + 171525 2.5.1 eading (CUSP danoma Y)

+5504Sl,3’1’4 — 345651737273 — 153651737372 + 768051’3’4’1 — 44805174,1,3 — 627251747272 SUbleading (Virtual function)
—35845) 451 — 38405 515 — 384051 52,1 + 76851 6.1.1 + 2278455 1 1.5 + 9088551 2.4

—102455 1 3.3 + 678452 1 4.2 + 17152521 5.1 + 908855 9.1 4 — 2688 55,993 + 64055939
41344085, 4.1 — 345655 3.1.3 — 704055 55,5 — 76855331 — 448055 41,0 — 44805 421
281655 51,1 + 6272595 1.1.4 — 2944531 5.3 — 153655 1,32 + 7936595141 — 294455 51 3
—729655.5,2.2 — 768553951 — 665655312 — 665695521 — 102455 411 — 396854113
—65285,. 1,90 — 358454131 — 652854212 — 652854 9,91 — 486454511 — 537655112
—537655.1,21 — 537655211 — 460856111 — 32768511115 — 1024057 11 2.4 — 3072511153 . . i
—1792051 11,42 — 3072051 1.1.5.1 — 102405 19,1 4 — 870451 1 5,30 — 2406451 1 5,41 > Analytlcal continuation (IIO BFKL')

+102451 1 3,1,3 + 256051 1,322 — 409651 1,331 — 51251 1,41,2 — 51251 1,421 — 10240571 15,11 . .
102408 s 4 — 8T0ASs g s 03 — 20064, 0 41 + 30725, 2220 66565, 2201 pole structure agrees with conjecture

012510312+ 512512521 — 1075281 2,411 + 102451 3,113 + 3072513102 — 358451 5,151 [Kotikov, Lipatov, Rej, Staudacher, Velizhanin, 07]
+307251,3,2,1,2 + 307251 3221 — 256051,3,3,1,1 + 307251 4,1,1,2 + 307251 4,1,2,1 + 307251 42,11

+3072Sl’57171’1 — 102405271717174 — 87045271717372 — 2406452,1,1,4,1 -+ 30725271727272
—665655.1.2.3.1 + 512921312 + 512521 321 — 1075255 1411 + 3072525120 — 6656522131
+3072522 21,2 + 3072522 201 — 56325223 1,1 + 307252 31,12 + 307252 3 1,21 + 3072523211

&y Ly

+307252,4,1,1,1 +307253,1,1,2,2 — 4096.53,1,1,31 + 3072551,2,1,2 + 307253,1,2,2,1 — 2560.53,1,3,1,1 > The full I'eSLllt iS
+307250.1.1.2 + 307232121 + 3072552211 + 4608553111 + 3072841 1.1.2 + 3072841 1.2.1

Pt et bt}

+3072S4,1,2.1,1 + 3072842111 + 3072851111 + 1638451 111,32 + 3276851 11,141 reciprocity respecting
+819251,1,1,2,3,1 + 409651 1,1,3,1,2 + 409651,1,1,3,2,1 + 20480571 ,1,1,4,1,1 + 819251 12,131 - - - =

et i) Pt ] [k ] et iat] sy ey Ly

+1228851,1,2,3,1,1 + 8192571 2.1,1,3,1 + 1228851 2,1,3,1,1 + 819253 1,1,1,3,1 + 1228852 1,1,3,1,1

[k k] 1<ty Pt ]

—1638457 1.1.1.3.1.1 + Cs (89655 — 23045; 5 — 179255 4 — 768533 — 17925, 5 — 230455 1

—1—2560517174 + 512517273 + 153651,3,2 + 3584817471 + 512827173 + 1536527371 + 512537172
+512537271 + 2560547171 — 20485171,3,1 — 20488173’1’1) + 1280 (5 (51,3 + 5371 — 54)

yVrePPing - — 64 "0 §7(35¢7 — 4052¢5 + (—8S4 + 16522)(3
—|—257 - 452,5 - 253,4 — 454’3 — 256,1 + 852,2,3 + 453’3,1)

[Beccaria, VE, Lukowski, Zieme 09]




Conclusive remarks

» Reciprocity: empirical evidence of N=4 SYM at weak coupling,
built-in property of Bethe equations and of the known examples of wrapping corrs.

» Strong evidence also at strong coupling.

» Guiding principle to get closed formulas for anomalous dimensions.

» Not strictly related to the planar limit, or to SUSY (QCD!)

Outlook 1: Strings and further 1/S orders, generalizations to (S,])
[work in progress!]

Outlook 2: Connection with Amplitudes/or? in N=4 SYM

log A = / .. Look at other IR safe quantities.

[work in progress!]




