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imposed on the primary Weyl tensors

o Explicit construction of unfolded equations for unitary massless tensor
[Metsaev] fields in AdSp, starting from Skvortsov’s construction in flat
spacetime. We recover the Alkalaev—Shaynkman—Vasiliev (ASV) p-form

module as being glued to the correct zero-form.

e Complete system of unfolded equations in all the non-unitary [Metsaev]

massless cases as well, however without identifying the ASV-like potential.
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THE GAUGE PRINCIPLE [H. WeyL, 1929

The theory of higher-spin gauge fields has witnessed two major achievements
with Vasiliev’s formulation of fully nonlinear field equations in four
space-time dimensions [M. A. Vasiliev, 1990 — 1992] and in D space-time

dimensions [hep-th/0304049]. Some salient features are
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THE GAUGE PRINCIPLE [H. WeyL, 1929

The theory of higher-spin gauge fields has witnessed two major achievements
with Vasiliev’s formulation of fully nonlinear field equations in four
space-time dimensions [M. A. Vasiliev, 1990 — 1992] and in D space-time

dimensions [hep-th/0304049]. Some salient features are

@ Manifest diffeomorphism invariance without any explicit reference to a
metric
@ Manifest Cartan integrability, hence gauge invariance under

infinite-dimensional HS algebra

o Formulation in terms of two infinite-dimensional unitarizable modules of
50(2,D — 1) : The adjoint and twisted-adjoint representations ~» master

1-form and master zero-form, resp.
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UNFOLDED EQUATIONS AND FDA

A free differential algebra R is sets {X*} of a priori independent variables

that are differential forms obeying first-order equations of motion whereby

dX® are equated on-shell to algebraic functions of all the variables expressed

entirely using the exterior algebra, viz.
R*:=dX*+Q“(X) =0, Q%X):=) fg 5 X" - X

The nilpotency of d and the integrability condition dR* = 0 require

2%
0X?8
For X [‘;a] with p, > 0, gauge transformation preserving R* ~ 0 :
0 X :=de* — P 0" e
a = de® — € x5 Q
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THE PRINCIPLE OF UNFOLDING [VaSILIEV, 1988 ]

@ The concepts of spacetime, dynamics and observables are derived from

infinite-dimensional FDA’a [more on this in the talk by Per Sundell].

e Unfolded dynamics is an inclusion of local d.o.f. into field theories
described on-shell by flatness conditions on generalized curvatures, and
generically infinitely many local zero-form observables in the presence of

a cosmological constant.

@ Spin-2 couplings arise (albeit together with exotic higher-derivative
couplings) in the limit in which the s0(2, D — 1) -valued part of the
higher-spin connection one-form is treated exactly while its remaining
spin s > 2 components become weak fields together with all curvature

zero -forms
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FROM TOTALLY SYMMETRIC TO ARBITRARY SHAPES 7

o Although a set of fully nonlinear unfolded equations for nonabelian totally
symmetric gauge fields is now achieved, its extension to nonabelian

mized-symmetry gauge fields is presently unknown.

@ Such massless gauge fields start being propagated in flat spacetime as
soon as D > 5 and in constantly curved spacetime as soon as D > 4.
[Unitary massless mixed-symmetry “hook-like” tensor fields in AdSy
decompose in the flat limit into topological dittos plus one symmetric

massless field in R [Brink-Metsaev—Vasiliev (2000)].]

N. Boulanger (SNS Pisa) Unfolding tensor fields in AdS 4th Sakharov Conf. 7 / 32



FREE FIELD EQUATIONS IN METRIC-LIKE FORMALISM

e In flat spacetime, field equations for arbitrary mixed-symmetry fields were
proposed in [J. M. F. Labastida, 1987 — 1989], then later rederived from
generalized Bargmann—Wigner equations (BW), thereby proving the

correctness of the p.d.o.f. [X. Bekaert, N.B., 2002 — 2006].
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FREE FIELD EQUATIONS IN METRIC-LIKE FORMALISM

e In flat spacetime, field equations for arbitrary mixed-symmetry fields were
proposed in [J. M. F. Labastida, 1987 — 1989], then later rederived from
generalized Bargmann—Wigner equations (BW), thereby proving the

correctness of the p.d.o.f. [X. Bekaert, N.B., 2002 — 2006].

o In AdSp background, Metsaev [R. Metsaev, 1995 — 1997] gave gauge-fixed
equations for arbitrary mixed-symmetry gauge fields ~» unitary (as well

as non-unitary) shortened irreps of 0(2,D —1).

In conformity with the principles of Gauge Invariance and Unfolding <—
necessity to obtain the generalized Bargmann—Wigner equations for arbitrary
mixed-symmetry fields in AdSp .
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FREE FIELD EQUATIONS IN FRAME-LIKE FORMALISM

An important step was achieved by Skvortsov [E. D. Skvortsov, 2008] with the
identification and explicit construction of the correct finite-dimensional
iso(1, D — 1) p-form modules to be glued to the corresponding generalized
Weyl tensors used in [X. Bekaert, N.B., 2002] for the construction of the

generalized BW equations.

— Complete unfolded equations for arbitrary mixed-symmetry free massless
fields in flat spacetime [E. D. Skvortsov, 2008] : Our starting point for the
derivation of the unfolded equation in AdSp spacetimes, by the well-known

radial reduction technique.
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LINEARIZATION

@ In expansions around maximally symmetric backgrounds with isometry
algebras g, the Weyl zero-form module ¢° [for one irreducible field, say]
is a g-irrep that is infinite-dimensional for generic masses (including
critically massless cases in backgrounds with non-vanishing A) in which

case we refer to it as twisted-adjoint g-module.

o The twisted-adjoint zero-forms consist of a primary Weyl tensor — such as
a scalar field ¢, Faraday tensor Fy; or spin-2 Weyl tensor Cop cq — and
secondary, or descendant, Weyl tensors given on-shell by derivatives of

the primary Weyl tensor.
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ONE OF OUR RESULTS : BW EQUATIONS IN AdSp

The generalized BW equations for the primary Weyl tensor :

*

ViC ~ 0, (V2-M*>C ~0, BV)C =0, C:=X°0").

where

o (' is the primary Weyl tensor, the Lorentz-tensor with smallest shape o
among all the Lorentz-tensors in the zero-form module €° of the anti-de
Sitter algebra;

o The differential operator V ;) acts by taking a Lorentz-covariant
divergence in the ith row of C, projecting afterwards.

o (V2 - M?)C ~ 0 is the wave equation for C' and B(V) takes some

V -curls of C' on some of its columns. See examples !
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INTEGRATION OF THE 0-FORM CONSTRAINTS

@; o= , B, () : =0 =

c®;) = (V" Vyug,07) = :

50, (%) = Ve, (07) =

By means of the integration lemma, the primary Weyl tensor C (@;) with Bianchi identity
B, , (é:) = 0 is shown to correspond to a massless gauge field ¢, (©*) whose shape is
obtained from @: by cutting off one row from its second block and by adding one row to its
third block. It possesses a one-derivative gauge symmetry with parameter e, (@*') whose

shape is obtained from ©* by deleting 1 cell in the 2nd block.
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GLUING €% TO p-FORM MODULES

degree

Y
grade

F1G.: An unfolded module of the form SR = R & 5%2 where (i) ¥ = ¢ & 5?1 is a
submodule consisting of a Weyl zero-form module ¢© with primary Weyl tensor C' and dual
subcycle Ry (“potential module”) with dynamical field ¢, ; and (ii) Ry is a dual cycle
(“dual potential module”) with dynamical field ¢, (“dual potential’). The dashed lines
indicate “gluings” by non-trivial generators in o~ (whose existence conditions depend on

the nature of the underlying symmetry Lie algebra g.
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MASSIVE-SPIN 1 FIELD IN FLAT SPACETIME. A.

TheWeyl zero-form module ¢° is spanned by Lorentz-tensors with shapes
' =0,61, =, 6], _d , 035 =010 , 65 _H , etc.
The first two levels of the Weyl zero-form constraint read

VC, + e’®,, + ebq)a’b ~ 0 (a=0) ,

2
— —
M M
V®up + e“Pape + i e Dupc — [25) e@Cp =~ 0 (a=11) ,
oM

2
=
°
I
-
g

V@, +ePlap + ﬁe[acb]

There are no primary Bianchi identities (i.e. the primary Weyl tensor C,, is
unconstrained), while there is a secondary one at the first level, viz.

Via®s,) = 0. Its integration yields dA + %eaeb@a,b ~0.
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MASSIVE SPIN-1 FIELD IN FLAT SPACE. B.

Revisiting the zeroth level (o = 0), its totally anti-symmetric part reads
ViaCy + MV[QAZ,] ~ 0, which can be integrated using a 0-form Yy, yielding

the sytem of constraints

dA + %e“ebcba,b ~0 dy +MA+¢e?Cy ~ 0.
For M > 0 we have a contractible cycle & = {x, Z}

dx+ 72 =~ 0, dZ ~ 0, Z = MA+eC, ,

which manifests the massive Stiickelberg shift symmetry that can be used to

fix the gauge
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FoOLIATION 1.

Take a FDA % with curvature constraints
TS = dW? + Q%(W) ~ 0

over a base J///;H with a smooth foliation 7 : ////\x R — ////Z-\Q ////\Where ,////Z'\is
a region of M foliated with leaves M, = Z(.///\,L) of codimension 1 and a
non-vanishing normal 1-form N = d¢, where ¢ : ///lz\ — R is defined by

¢(AM1) = L ~» (A)dSp-radius. Introduce the vector field £ parallel to N and
such that icN = 1. One has (n > 0)

(Z)"W® = US+ NVZ ieUZ =0 =i
)?a::AOa, ?a::‘A/Oa, ﬁa::Ala, Vve.=y@

(where V8 =0if ps =0) and U%=(%)"X?%, V&= (%)"Y?.
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FOLIATION 2.

Defining R® := (1 — Ni¢)(%)"T® and 82 := —i(Z)"T?

the original constraints T3 ~0 become

RE = (d-NZL)UZ+ f{Un}hzo) =~ 0,
S8 = (A= NZWE+55({Un, Vm}reo) —USy~ 0 for pa>1,

where the structure functions are given by

f& = (1-Nig)(£)"Q%X +NY) = (£)"Q%(X),
G = (A PEENT) = ()" (V90,0°(X))  for pa>1.
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FoLiATION 3.

PP UPEN AN A

In terms of the pull-back (UZ,V,%; RS, ST) := i} (UY, V3 RY, SY) | one gets

RY = dUZ+ fi({Untpmeo) = O,
Sg = ananfﬂ JF@?L({Uman}%:o) ~ 0 for pg>1.

Define f%(X) := Q%(X) and g%(X,Y) := ~YP95f%(X). The closed

subsystem

R* = dX®+f%X) ~ 0,
5% = dAYS 4+ g%(X,Y)-U® = 0 for pg=>1,
P = dU%—¢¥%(X,U) = 0,

contains three sets of zero-forms, namely

{07}, (U™} ={i1 %3} and {Y®'}={ijicA" }.
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FOLIATION 4.

An irreducible model [one field] may arise from subsidiary constraints on :

1) the normal Lie derivatives
i %X = U ~ —-A%X,)Y),
where the functions A%(X,Y) thus assign scaling weights to the fields

under rescalings in L ; and

11) zero-forms

2R (X% v®) &~ 0

)

—RO .
where Z2° denotes a set of functions.

Cartan integrability requires that

dA® — g3(X,A) = (Rﬁaéx) +S§a[(§Y))Aa :
d=F = (R®9) + 5500 )ER
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FOLIATION 5.

The former condition ensures the integrability of the constrained curvature

equations
Sqly——a = dAYTH+A%X,Y)+¢%(X,Y) =~ 0,

since the U-dependent terms in dS® cancel separately prior to imposing
U8 ~ —Aa(X ,Y). The subsidiary constraints can equivalently be imposed

directly on e///lz)_H as
(05,7%) ~ (%X, 9), 77X, 7)), X9 ~ o,

where the functions T® can be determined from A® using Cartan
integrability. This is the approach we actually used to reduce Skvotsov’s

system from flat (D + 1) spacetime to AdSp .
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BRINK-METSAEV—VASILIEV SPECTRUM

e As found by Metsaev (1995), a given so(D — 1)-spin of shape © consisting
of B blocks yields B inequivalent massless lowest-weight spaces ’D(eg ;0)
of s0(2, D — 1), each having a single singular vector associated with the

Ith block of © (I =1,...,B).

@ The partially massive nature of the cases with B > 1 later led Brink,
Metsaev and Vasiliev (2000) to conclude that upon adding Stiickelberg
fields {x(A;©")}erexs, (o) (associated with all blocks except the Ith
one) the resulting extended system must have a smooth flat limit in the

sense of counting local degrees of freedom.

N. Boulanger (SNS Pisa) Unfolding tensor fields in AdS 4th Sakharov Conf. 21 / 32



@ Since only @(e(l); 0) is unitary, BMV conjectured that the fully gauge
invariant action S := S[p(A; M?;0),{x(A; ©')}] should have the

flat-space limit
BMYV conjecture : SA 220 Z (=1)1 (@) GA=0[,(A = 0,0)] ,
CHSNIVC)
EIBMV(@) = e|50(D—2) \ X o (©)

where :

(1) Xjth 1100 (©) is the subset of O, (p_2) obtained by deleting at least one
cell in the I*® block ; and
(11) the phase factors (—1)61(9/) are all positive iff I = 1.
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PROCEDURE. 1

Group-theoretically, the BMV conjecture implies that

D(el;0) 20 P (1) @IDA=0;M><0;0") . (1)
©’€Xhnv(©)
The dimensional reduction in ¥4, ;y,(0) and the fact that the zero -forms carry
the local unfolded degrees of freedom suggests the following procedure :
1) Unfold the tensor gauge field 3(©) in R2P~1 and foliate a region of
R2P~1! with AdSp leaves of inverse radius A = 1/L and with normal
vector field € obeying €2 = —1, the radial vector field ;
11) Set the radial Lie derivative (% + AA)X =0, where A are scaling

dimensions compatible with Cartan integrability ;
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PROCEDURE. 2

11) Constrain the shapes Oz (@=0,1,...) in the Weyl zero-form module
EO(A:O;MQ:O;é) by demanding their (p, + 1)st row to be transverse to
& where p, = 2521 h, ;

1v) Demonstrate (via harmonic expansion) that the unfolded system in AdSp
carries the massless degree of freedom D (e!; ©) found by Metsaev for
massless mixed-symmetry fields in AdSp ;

v) Take the flat limit without fixing any massive shift symmetries and show
that the resulting unfolded system in flat space carries the massless
degrees of freedom on the right-hand-side of (1) and contains the

corresponding D-dimensional Skvortsov modules.
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OSCILLATOR REALIZATION AND HOWE-DUAL

ALGEBRA

Take bosonic (+) or fermionic (—) oscillators satisfying

, . 1 , .
[@ia, @] = a.a??+ (-1)20Faiba,,, = 5760
where a,b=1,..., D transform in the fundamental representation of

[= (gl(D;C),s0(D;C),sp(D;C)), and e = 1,2,...,v4 are auxiliary indices.

One has the associated Howe-dual algebras I&

(=gl(D;C) : * = gl(vy),

[=s0(D;C) : [t = sp(2vy;C), [T = so0(2v_;C) ,
[=sp(D;C) : [t = s0(2v;C), 1= = sp(2v_;C).
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GENERALIZED SCHUR MODULES

The oscillator realization of the generators of * reads

0 1lr=1,a 1
Ny = {a"" a6} = 3@ %0 + 0506
Wy = Oziyaozj’bt]ab , T = dl’a@]’bJab .

The oscillator algebra can be realized in various oscillator-algebra modules

M* . For given .#*, the corresponding generalized Schur module
Pce 3
A+

where |Xi> which we shall refer to as the Schur states, are the ground states

of F in .#* with Howe-dual highest weights A = {)\i}
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CELL OPERATORS AND MASTER FIELDS

The oscillator formalism can be used to define the cell operators [Olver (1983),
Metsaev(1995)] {ﬁi(i)’a, Bi(“*“}l’:l as a set of operators on the oscillator
module .#Z* that induces a non-trivial action on the corresponding Schur

modules .* and obeying the amputation and generation properties

(N: =81 (A —1)Beyald) = 0,
(N} = i(AF+1))FE02|a) = 0, 1<i<j<wve, [A)es*.

In terms of these cell operator, we provided a reformulation of Skvortsov’s

equations using master-fields :

X = Y XPecR=PR, R = PU)a5%,
p=0 p=>0
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MASTER-FIELD REFORMULATION

The Skvortsov equations amount to subjecting X to : i) curvature constraints;

and ii) irreducibility conditions

R = (V+JO_>X ~ 0, o, Z(Uo)g,{l ,
p=p’
(0)2 = —degin) - epinP@+ 1,0 + 1),

where V :=d — %wab abs €(i) = €Bi),a and P(p+1,p" +1) : R — RP is a
projector defined by

S{N@ +1,p' +2),N@ +2,p' +3),...,N(p,p+ 1)} XP (p>p
XP (p=rp

where 0{A1, ..., A} :=0x, 0 - 0xn0for A €Z,i=1,... k.

Pp+1,p" +1)X = {

N. Boulanger (SNS Pisa) Unfolding tensor fields in AdS 4th Sakharov Conf. 28 / 32



STEP-BY-STEP PROCEDURE. 1

1) Skvortsov’s equations in ///ZJ\JH with signature (2, D — 1) read
T = (6-&-8{)6\75\‘10 5 EO_ = —i Z E(p/+1)~'-E(p+1)@(p+1,p/—|—1) 5
p=>p’
with 6 =d— %QABJ/\/TAB 5 E\(i) 6= EAB\AV(” and W € 5\{ = ®p>0 QP
() ® Fpy1, where U is a region of Mp, that admits a foliation with
AdSp leaves.
2) Decompose the variables and generalized curvatures into components
parallel and transverse to the radial vector field
B =eu + Néwy, Veu =ANew . Ve = req) ,

~

VA= —X2N, WP.=XP{NYP !l T=R+NS
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STEP-BY-STEP PROCEDURE. 2

3) Counstrain the radial derivatives in terms of a massive parameter f :
(.,%5 aF /\A[p])ﬁp ~ 0, (fg —+ )\T[p])?p_l ~ 0,

where Ap,) = A[p}({ﬁf};»’zl) idem Y, , the reduced curvatures R and S
form a closed subsystem with variables X and Y. Cartan integrability

(on .# : VRP+! ~ () fixes the scaling dimensions

Ay = AL o= NP+ (N oy apr)
f = *p+f(J\Af%+17--.,ﬁ5+1,ﬁgj§,...,ﬁ;)

4) Show that a generic value p for C,[g,]] corresponds to two dual

F(A:£:0)
values f* s.t. ff 4+ f~ = D — 1 that turn out to be f* = eg, the lowest

energy of the lowest-weight space D(eg,0) : [eg := 3(D — 3)]

f[ﬁw = 60+1:|:\/(N11+60+1)2+u—02[ﬁ] = fE(NZ NS,..).
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4) Examine the critical limit where f* approaches Metsaev’s massless values
eé =s,+D —2—p,, for which f~ admits a projection of the radially
reduced Weyl zero-form : g(p1+1))A( 0 ~ 0. Cartan integrability of the

above constraint amounts to
(/\g(pz""l) aF Z'[ﬁ(pl_.’_l),é\(l)}) X% =0 modulo (/\Af;] T if(l)) X% =~ 0.
This equation indeed has the unique solution

_ _ Sp,+1
fm = = p1+1_N511+1~

Py
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5) Show the smoothness of the flat limit of the projected massless system,
and how the BMV conjecture is realized in an enlarged setting with extra
topological fields arising in the flat limit. The latter represent the
unfolded “frozen” Stiickelberg fields of the Ith block whose Weyl zero

form is set to zero in the aforementioned projection of the zero-form.

6) Show the appearance of contractible cycle in the potential sector, except
for I = 1 where we identify the dynamical h;-form potential as the
Alkalaev—Shaynkman—Vasiliev potential and obtain its full unfolded

equations

Rhtl = (V= iNEp 1) U™ i) €manPh, +1,DX° =~ 0.
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