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Motivation

Special type of symmetries in modern theoretical physics

Simplest context : electromagnetism with electric and magnetic sources

Application to thermodynamics of black holes dyons

New formalism making EM duality manifest
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First law for Reissner-Nordstrem BH

RN dyon ds* = —N?dt* + N~ 2dr® + r*(df* + sin® 0d¢?).
2 2
N = \/1 _ % @+
"
A = ——dt + P(1 — cos 0)do,

infer thermodynamics for parameter variations from purely electric case using duality

oM = 8%5./4 + ¢opoQ + YyoP

A=M?—(Q*+P?, ro=M+VA

—r_ 2 P2
m:#, A:87T[M2—Q il —|—M\/A],
2r+ 2
P
¢H:Q7 wH:_
T+ T+

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
string singularity and absence of magnetic potential
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No sources

equations of motion

field strength

invariance under

action principle

gauge invariance

dF' =0
d*F =0

1
F = §FWCZ$“ A dx”

(7))

dF — 0 — F = dA
S[A]:%/F/\*F

ONA =dA, 0pS=0

Foi = —E;
F;j = ;1B
detM # 0
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No sources

Hamiltonian action principle

canonical structure

Hamiltonian density

solve Gauss constraint

reduced action principle

invariant under duality rotations

Sul[A,, E'] = / d*z(—E'A; — H — AyO;EY)
[Ai(t, @), — B (t,)} = 6]6%(z — y)

H = %(EE + B'B;) B' = €759, Ay
OE =0= E'=€"9,2,

Sr(Zy, Ai] = /d%(—ﬁijkajzkfii —H)

{ O0pA; = Zi, 6pSgr =0

5DZ7; — —Az‘ 7

Deser & Teitelboim Phys. Rev.D 13 (1976) 1592
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No sources

a Az
doublet notation Al = ( >

1 . .
manifestly invariant action SSS[AZ] ) /d%[éame(@oA? - az'Ag) - 5abBa'7’Bﬂ

A spurious

Schwarz & Sen Nucl. Phys. B411 (1994) 35
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Point-particle sources

duality requires both electric and magnetic sources

magnetic POIe qg — (gna O) electron qu — (O, en) dyon qg’b =
current jH(x) = Z QZ/F 5 (x — zn)dz},

pole at origin jh (@) = g8h 6P (z) gi— 97T

47 13
y
| i A=-T(cos0+1)d P I s
singular potential = _E(COS + 1)dyp P = —T(S_Z)
y
q R(R—=z)
regularize A; — AS = o —%

0

!
R =+/1%+ ¢ \\\ ,,«"ﬁ- 4

magnetic field: semi-infinite solenoid \ '
g \ '/ \\l /

(gnsen)
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Dirac strings

add dynamical string % %

GE () = g [ 69~ y)dy" ndy"

>
) yt (1, 0), y"(1,0) = 24, (7)
\ Fig. 176 property d*Gy ="Gos = "Ju
modified field strength FP = dA +*Gs dF® ="*jy

SPIAL (@), 4 (7, ), 2(7)] = %/FDA*FDH/ A

r

—Me, —dztdz e—mM/ —dz8 dz,
/F\/ ; e

action principle

Dirac veto: electron cannot touch string

o o eqg =2t Nh
quantization condition Dirac Phys. Rev. 74 (1948) 817

Tuesday 19 May 2009



Remarks on Dirac strings

(i) asymmetric treatment of both types of sources, manifest Poincare invariance but no duality

(i) non trivial U(1) fiber bundles, no strings

Wu & Yang Phys. Rev. D12 (1975) 3845, D14 (1976)437

(iii) Dirac strings related to de Rham currents and Poincaré duality

De Rham,Variétés difféerentiables, Hermann, 1960
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Duality

“complicated” proof of duality between electric and magnetic BH

partition function through semi-classical evaluation of Euclidean path integral

/ ( 6 , P ) vs /) ( G, ¢ H) Hawking & Ross Phys. Rev. D52 (1995) 5685

additional Legendre transformation needed to compare
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Extended formulation in flat space

New construction dynamical longitudinal fields and non spurious scalar potentials

Al = (A, Zy) C*=(C)Y) B = (E,E) B =V x A® + V(O
external sources Oug™ =0
action principle  I[A,, C% = In|A}, C) + 11| Ay 57, I1[AG; 3] = /d4:c eap AS .

1 = = 1b

Iu[Af, C%] = 3 / dix [eab(éa +VC?) - (9yA* — VAY) — B Ea],

— —

¢, V-B*=V2C* =4 (0% VO, = eu(V - 0y A’ — V2AY)
Maxwell’s equations

A’a : —Gabﬁoéb + ﬁ X éa = Eabjb.

no strings, duality manifest G.B. & Gomberoff Phys. Rev. D78 (2008) 025025
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Extended formulation in flat space

fixed point particle dyon at origin  j*(x) = 47Q%8}55° ()

ab a
e det, ca_ @

Coulomb-type solution A% =
T T

resolution of string singularity
gauge invariance 0cA), = 0,€, 0C* =0

magnetic charge is surface integral, no longer a topologically charge

—

canonical pairs (AT, -V x ZT), (AL, —VY) (ZL,V0)

gauge fixing the magnetic Gauss constraint gives back standard EM

Tuesday 19 May 2009



Extended formulation with dynamical dyons

dynamical point particle dyons need strings for Lorentz force law

G =3 / 5O (5 — o)yt A dy” V(s T)s Y0, ) = ()
1
total action Ing+ 15+ I + 5 /d4$ € [20°C%) — 3% 0 + BHO])] -
: : 1 : : .
— Zmn/ \/_dzﬁdznu 5(12 — e 01 CY,,C;L — §€ijk G gk 6%1 — Ewkaj’)/]%
n Ln
o . 7 .
variation with respect to 2, gives Lorentz force law

veto: string attached to dyon n cannot cross any other dyon

leads to standard quantization condition for dyons eabngffn =27t Nh
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Extended formulation in curved space

need to generalize first order ADM formulation of Einstein-Maxwell

no non singular longitudinal magnetic field BYypy = €770 Ay,
curved space B = €759, A% + /90" C"
1 | |
matter action In[AS, C%, gij, N, N'| = o /d4:c [(B“Z + /90" C*)eap (00 AL — 0; AD)
—\715’33? — eapeij N B B
7

total action Iz,u] = /d49€ [aa(2)002 — u®4]

N a_m & VOO,

kinetic term as(2)0p2" = 167T8()gw 47r8°A’ + 0 Z;

Lagrange multipliers and constraints u® = (N,N*, A§) Yo = (H1, Hi, Ga)

HJ_ _ L(HADM +Hmat> H. = L(HADM _|_Hmat) g _ ie b@'Bbi
167 - LT T e AR S
gauge parameters e = (&, 0\ smeared constraints [le] = /dgfb’ Va€”
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Extended formulation in curved space

first class gauge algebra {Llen], Tlea]} = I'len, e2] {H[E], H[nl} = H[[¢, nlsp] + G[[&:n]B.
| | o By | Z_
€ 1gp = €0 —noigh, Il = Biepen — (et - e

surface deformation algebra -
& nlsp = g7 (E10mT — 0 0;€7) + 0 9m" — P 9;€

diffeomorphisms & =Nn’ & = giun” LpGuw & Oeguu

sources Tapy + 1y + 1

1

IJ[A Caay ] 47'('

/d%ea [AG G + 90" Oy — —6‘”0/’ - —5 "0y |
Ba,Ti _ Eijk:aj,yg

|-1 correspondence of solutions to those of covariant equations

. o1
ds? = —N2dt2 + N72dr® + r2(d6> + sin 0do?), AT = —eQu(- - EW
resolved RN dyon 2L p? ~ /
Yy N \/1_2M Q+ | o _ _Qa/ dr
. TAN(17)
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| st law of black hole mechanics

. 5 aea ) . .
surface integrals 0, (Va€") = 524 (gz = ) _ 0; k! Regge & Teitelboim Ann. Phys. 88 (1974) 286
solution of constraints 22 solution of linearized constraints dz2

time independent solution  25,us  9pz2 =0

5 5 I o . . )
525 Ooz — Opas = (ZZZ ) implies Oik!, [22,8221 =0
3 LA < A 3 LA < A
Stokes theorem }1{ >z ky, |25 ,025] = ]{ d°w; ky, |25 ,025 ]
Sry Sr,
standard gravitational part kL2502 = kT gy, w5 gy, 6] + KT 24 524
k,grav,z — 16_7T [Gl]kz(fJ—ka;glj . 8k§L5glj) 4+ 2§k5ﬂ_kz 4+ (2€k7_‘_jz . gzﬂ_jk)égjk}’
Gljlm _ 5 \/g(glkgjz 4+ gzlgjk . 2gljgkz)
mat,? 1 €J_ 17k Ra 1 ppat k ppat i Rak b
new matter part gt — E(%e BE§ Ay, — E-BY5C, + (7B — £B)5 A
includes electric and magnetic contributions —€eap/99" €1 BFSCY + €4y (1/gO" N 6CP — >\“5Bb“))
—1 t,1 1 " °n bl
for RN dyon j’ird Ti k= A d9/0 d¢ €apAgoB
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| st law of black hole mechanics

first law ]{ d’z; k), [z, 07] :j’{ d>z; k|2, 02]
S0 Sr,
at infinity ]4 0 K [2,82) = 0. M — 68, Q — by 8.P
Soo
. dn—l 'k,gra'v,i — ié‘ .A
at horizon T Ky, 370
Sr,

geometric derivation of first law for RN for arbitrary perturbations

5. M = 8%52/1 + ¢16,0 + V6, P
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Black hole thermodynamics

Euclidean approach in the grand canonical ensemble

improved constraints for suitable fall-off conditions contain surface terms

H = /d?’x (H.N 4+ H;N") + M Q = —é Pz (G1Ag) + Q, P = —& d*x (G2 Zo) + P
three commuting observables {H,Q}=0={H,P}={Q, P}

partition function Z(8, %, 1] = Tre BH=-"Q—vP) _ Vo

Massieu function Ve (B8, —Bo°, —BY°)
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Black hole thermodynamics

path integral Z3, 0,9 = /Dcpeff

B
Euclidean action I} = / dr (i/dgw aa(2)0pz* — (H — ¢°Q — wCP)) + ghost terms
0

mat L
leading contribution: action evaluated at I (RND) = BonQ + Syu P

Euclidean Reissner-Nordstrom dyon )
Iegrav<RND) = —0M + ZA

total result Ve =—0M + 3«4 + Bou@ + BYu P
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construction of an explicitly duality invariant version of electromagnetism

enhanced gauge invariance

static dyon described by Coulomb fields without string singularities

electric and magnetic charges are surface integrals

applications in the context of thermodynamics of BH dyons
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Reduced phase space duality

first order formulation SpE[hmn, ™" num, n] = /dt[/d?’x (7™ By — 0™ Hoy, — nH) — HPF},
mn 3 mn 1 2 1 rLmn
Hamiltonian Hpp[hn, 7" = [ (7™ T — o™ 0 RO hin —
1 mmn Qr 1 m n _1 m
— 5 0mh™" 0 Ry 4 50" hO iy — 30" WD)
constraints Him = =20"Tmn, Hi=Ah—=0"0"hpn.
T T L 1
e mn mn + qun + ¢mn7 = —1 n — AL k5l
decomposition zL z b o Yrm A (8 Pmn = 5B On070 %),
mn 1m n n¥%m wT _ A_l (¢ B A_18m8n¢mn) ’
On = 5 (Omn = OnOn) 7
conjugate pairs (Rn (@); 777 (D)s (i (@5 7E (®))s (B (), 77 (1))
solving constraints Hp=0=H <= nf =0=hy,
+ gauge fixin
gaug 8 Bl — 0= gkl
1
reduced phase space HY = /d% (w?ﬁw% + Zﬁrhfnﬂﬁr %’L)

introduce potentials to make reduced phase

. o . Henneaux & Teitelboim Phys. Rev. D71 (2005) 024018
space manifestly duality invariant
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Extended gauge invariance

extended gauge invariance to couple to both electric and magnetic
sources

# dof =2 #fcc =28 #cp = 10

2% (#cp) = 2 % (# dof) + 2 * (# fcc)

degree of freedom count

. A a a a
phase space variables 2% = (Hpm, A C°).

ln, = (s ) 7™ = (5", ™)

change of variables |
R = €EmpqgOP H Y + €npgOP H "y 4+ 00 AL 4 0, AL, + 5(5mnA — Om0p)C*

T = —AH .

(3T (@), ~28 (0H3)" ), (O (), — 5 A(AHG — 8,0,H2) (1))
(AL (2), 280, HZ™(y) ),
brackets (42,(2), 280, H™()), (C*(2), SAAH — 0,0, H)()).

1
(B (), 7 ()} = €02 (85,61, + 65,64)6) ().

Hom = —2eab8”7rf;m = 2¢,, AO" H?

mn?

abelian gauge structure )
Hot = Ahg — OmOph™ = A2C,.
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Duality + sources

first order action

duality invariant Hamiltonian

interacting theory

linearized Taub-NUT

Salz?,u?] = /d4x (aalz]2? — u%ya[2]) — /dtH[z],
3 a mn 1 a 1 a A2
H= [ & (AHmnAHa — SAH"AH, + SACA (Ja>.

1
ST = /d%—h@ THY . 0, TH =0

singularity resolved by additional pure gauge degrees of freedom

2 Hr - a
h(C)Lm — n?n — hgnov hgo = —2n°,
1
S A oz,Ta,ul/ _ S SJ
T[z y U3 ] 167G G+
TH () = 6Hoy M6 (), M, = (M, N).
Hat = —167G M0 (z).
1 1x,,
C* = GM™(2r), n = GM®(==), A%, = GM(—>2), n™™ = HS,, =0,
r r
a a 2£Um513n mn
he.. = GM®( 3 ), m."=0.
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Surface charges + global symmetries

Regge-Teitelboim Yae® = (OME™ 4+ JE ™ol + (™A — 8O hgmn — O3k [2]

kz [Z] _ Zfa eabﬂ- gaJ_ (5mnaz 5mzan)hamn 4+ hamn (5mnaz . 5niam)£al

omean gneam — () = 9 am_amaJ_7
{ 55 + 55 Ogs €3 <:> SZS — _wﬁ,“/]xl/ + az)

(6™ A = 9mO™)ESE =0 = Dol

electric and magnetic ADM type 0. 2] = j{ P, W [2] = leWJ/JJV —apr
conserved surface charges 167TG 2
dyon P = M,

TIv (o) = Mo A T2 2)
7 (x') = Ao €% (2) = —(Aw, A7) + (Aw A7 + Aay)Y,

as

Qe [25] = Qelzs]-

| copy of global Poincare
transformations acting

GB & Troessaert JHEP 01 (2009) 30
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Duality generator as Chern-Simons term

spin|reduced phase space
description

curl

reduced phase space Poisson brackets

vacuum Maxwell’s equations

duality generator

what about global symmetries ?

1 .
SR[A?G’] = /dt[/dSCE §€ab(oATa)zaOAsz o H1i|’

H, = % / Pz (0ATY),(0OAL) = ! / Pz AT AAL

ai’

()

(OA)Z = EijkajAk

[ &0 = [ @ (©g)if"
(OQfT)i _ _AfT’i

{AT(2), ATY () }; = P ALY D (@ — ) = P AL (0¥6] P (@ —y))’,

QA" (z) = {AT" (2), Hi}1 = —€"* (04, ) (),

1 .
HO = —5 /dg.il? A%Z(OAz)i, {H(),Hl}l = 0.

SO(2) Chern-Simons term

Deser Henneaux Teitelboim Phys Rev D55 (1997) 826
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Bi-Hamiltonian systems

new simplified Poisson bracket AT (), AT (y)}o = €6, P (x — ),
duality generator as 2nd Hamiltonian (AT (g), H }y = {ATY(z), Hy)g
recursion operator Ry = —6;(0);
hierarchy K, = (=)Pe(OP4) AT (2) = KT (x)

{AT (@), Hp}1 = {A"""(2), Hp—1}o0

_\p
Hp—l — ( 2) /dg.fE A?G(OPAT)Z'

infinity of Hamiltonians in involution {Hp, Hn}1 = 0={Hy,Hn}to, Yn,mz=0.

generalizes directly to reduced phase space
description of massless HS fields

GB & Troessaert Phys Rev D55 (1997) 826
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Talk based on

G. Barnich and A. Gomberoff.
Dyons with potentials: Duality and black hole thermodynamics.

Phys. Rev. D, 78:025025, 2008.

G. Barnich and C. Troessaert.
Manifest spin 2 duality with electric and magnetic sources.

JHEP,01:030, 2009.

G. Barnich and C. Troessaert.

Duality and integrability: Electromagnetism, linearized gravity,
and massless higher spin gauge fields as bi-Hamiltonian systems.
J. Math. Phys., 50:042301, 2009.
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