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3D Topological Insulators

So far topological insulators with active p-electrons (Bi1−xSbx, Bi2Se3, Bi2Te3, and 
Sb2Te3) have been found experimentally.



5d electrons – interplay between spin-orbit, band structure and correlation effects

Iridates as frustrated magnets with exotic quantum ground states (quantum spin 
liquids) relevant for topological quantum computations. Na4Ir3O8 - a candidate for a 
quantum spin liquid, (Okamoto, et.al, PRL 2007.)

Coupled Spin Orbit and Hubbard Physics in 5d Iridates



Pyrochlore Iridates as Novel Topological Insulators – a Proposal

Geometrically Frustrated     
Pyrochlore Lattice

A2Ir2O7

where A is Yttrium or RE
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Electronic Structure Studies of Y2Ir2O7 and Rare Earth
Pyrochlore Iridates

q LDA+U studies using full potential LMTO method. 
Ir 5d electrons: 0<U<4 eV; Rare Earth 4f electrons: U= 6eV

q Spin Orbit Coupling

q Various Magnetic (Collinear and Non-Collinear) Configurations explored
for frustrated pyrochlore lattice



Strong Spin Orbit Coupling in 5d orbitals

Ir 5d5

j=3/2

j=5/2

G7

G8

A small Hubbard U produces Mott insulating behavior for G7 band at half feeling



Studies of Magnetic Configurations in Y2Ir2O7

Collinear (111) Non-Collinear 2-in/2-out Non-Collinear All-in/out

Magnetic Non-Collinear All-In/Out Configuration has lowest energy!

Collinear (001)



Electronic Structure as Function of Moments Orientations: LDA+U=1.5 eV

Collinear (001) Collinear (111) Non-Collinear All-in/out

Large Fermi Surface
Normal Metal!

Small Fermi Surface
Bad Metal

Looks Like Insulator!
(in fact depends on U)

Metallic behavior appears when moments are aligned collinearly, easy to switch
with applied magnetic field – Magnetic Field Induced Insulator to Metal Transition!



It follows that the ground state of Pyrochlore Iridates is magnetic non-collinear 
state. 

Searching for Magnetic Topological InsulatorsSearching for Magnetic Topological Insulators

Original proposal by Pesin and Balents (Nature Physics, 2010) on their 
topological insulating behavior does not work.

Magnetic topological insulators – time reversal symmetry is broken - aka 
Axion insulators – as a new theoretical proposal



Topological Magnetoelectric EffectTopological Magnetoelectric Effect
Adding a magnetic perturbation to
topological insulator: Azimuthal 
surface Hall current e2/2hE leads to a 
magnetic-dipole moment associated 
with a magnetization M=aE, where the 
magnetoelectric polarizability is
given by  a=e2/2h. (Qi et al.)

Discussed in 1980s as “axion electrodynamics” (Wilcezk, 1987).
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q – Axion field – can be 0 or p in non-magnetic topological insulators due to 
time reversal and inversion symmetries. It can take any value (dynamic axion field) for 
magnetic topological insulators. In most known materials θ is small (10⁻³,in Cr2O3) 
Highly interesting to study for Pyrochlore Iridates! Here, due to inversion symmetry 
it still only can be 0 or p.

M=aE
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U=0 eV U=1 eV U=1.5 eV U=2 eV U=2.2 eV

+

-
-
-

We have performed analysis of band parities to see if they change as we move
from large U phase which is likely a trivial Mott insulator to smaller Us:

Mott InsulatorParities change!

We study changes in band parities that may indicate a presence of topological 
insulator and also semi-metallic phase since topological insulators in 3D must be 
separated from trivial insulator by 3D Dirac (Weyl) points (Murakami, Kuga, 2008).

Decreasing U



Birth of Weyl semi–metal phase at intermediate values of 1.0 eV<U<1.8 eV

Calculated energy bands using LDA+SO+U=1.5 eV

LEFT:within kz=0 plane of BZ RIGHT:for kz=0.3 plane of BZ



Weyl(Dirac) Point Location as a function of U

1.7 eV
1.5 eV
1.0 eV

U=

Weyl Point disappears by annihilating
(meeting) with other Weyl points
at L point when U is slightly 
above 1.8 eV

1.8 eV



Annihilation of Weyl Points and Change in Band Topology

Our Weyl points are topological: they can only be eliminated by recombining
with each other! Here is electrostatic analogy: each Weyl point can be  
characterized by chiral charge determined in terms of electron velocities 
at this kW point: 1 2 3s ( )c ign v v v= · ´
Thus there are “positive” Weyl points at locations kW and “negative” Weyl 
points at locations –kW. Here is our case:

Three positive Weyl points around L Positive and negative Weyl points in BZ 



Annihilation of Weyl Points and Change in Band Topology

When Weyl Points annihilate, their chiral charges get added together and the
resulting charge is zero: the system becomes insulator!

For example, when U goes above 1.8 eV, 
every 6 Weyl points collapse at L points, three with 
positive chiral charge and three with negative chiral 
charge at equivalent “–L” points, and Weyl metal 
phase goes to Mott insulator phase. 

Q: How exactly Weyl Phase disappears when U decreases?



Collapse of Weyl Points at small Us

1.7 eV
1.5 eV
1.0 eV

U=

When U decreases, Weyl 
point is headed towards 
GX (110) line

1.8 eV



This unfortunately does not happen in LDA+U calculation since the gap closes at other 
portions of the Brillouin Zone which prevents the collapse of the Weyl points. However, 
due to well-known underestimation of gaps and metallization threshold by LDA this 
opportunity still remains!

If Weyl points would collapse somewhere along GX line (not exactly at X point), they 
would annihilate pairwise by meeting with the Weyl points of the opposite chirality. Thus 
band properties will change again. If this would be true a Magnetic Topological (Axion) 
Insulator will be born!

+

+

+

Our recent work on hypothetical Os spinels (MOs2O4, M=Ca,Sr) shows realization of this 
scenario (Wan, Vishwanath, SS, PRL 2012, in press)



Suggested Electronic Phase Diagram of IridatesSuggested Electronic Phase Diagram of Iridates
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Surface Band Structures – Projected Bulk Spectrum

Increasing the size of  
cell along z axis

shrinks the size of the 
BZ along kz axis

z

(001) Surface BZ
GXM are surface TRIMs

Single Cell - PeriodicTwo Cells - PeriodicFour Cells - Periodic

Band Structures for all kBand Structures for all kzz=const planes are projected to k=const planes are projected to kzz=0 plane=0 plane

Eight Cells - Periodic

M



Vacuum
layer

Surface States - Slab Calculations

z One Cell SlabTwo Cells SlabFour Cells SlabEight Cells Slab

In Slab Calculation Surface(s)  Spectrum appears on top of projected bulk E(k)In Slab Calculation Surface(s)  Spectrum appears on top of projected bulk E(k)

M

(001) Surface BZ
GXM are surface TRIMs



Slab SpectrumProjected Bulk  Spectrum

Trivial insulators: Surface state show energy gap as in 
projected bulk spectrum

EF



Topological insulators: Surface states show protected 
metallic behavior

Projected Bulk  Spectrum Slab Spectrum

EF

Pesin Balents Topological Insulator Pesin Balents Topological Insulator



Our Story: Weyl Semi-Metal and its Berry Flux

In the vicinity of Weyl Point: q=k-kW
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The Berry curvature is evaluated to be

Integrating over small sphere surrounding Weyl point produces flux that is given by
chiral charge c
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(only Weyl point contributes)

Weyl point acts as a magnetic monopole at the origin: 

whose charge is given by chirality
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Weyl Semi-Metal: Formation of Surface States

kl defines a 2D subsystem with non-zero C number: we expect a Chiral Edge State

kl

Gap



Weyl Semi-Metal: Formation of Fermi Arc

Fermi Arc connects Weyl points of opposite chirality



Tight-Binding Simulation of (110) Surface 
Band Structure for Iridates

Fermi Arcs connecting Weyl points of opposite chirality can be directly observed



How to detect Weyl semimetal experimentally?

Anomalous Hall conductivity is characterized by Chern vector nc (Haldane, 2004)
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• Yang, Lu, and Ran, PRB 2011: In general Weyl semimetal

( 1) i inodes
i
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where Pi is momentum of each node and xi is its chirality.

For 24 Weyl nodes of Y2Ir2O7 we get zero due to cubic symmetry but if it gets broken
by uniaxial pressure along [111] direction one can induce large anomalous Hall effect.

• Xu, Weng, Wang, Dai, Fang, PRL 2011: HgCr2Se4 is existing Weyl semimetal.

• Burkov Balents, PRL 2011: Realization of Weyl semimetal via multilayer structure
of magnetically doped TI separated by insulating spacers.



q Novel electronic phases have been predicted for Pyrochlore Iridates:
Weyl semi-metal and Mott insulators: they compete in the vicinity of 
Hubbard U~1.5-2 eV

q Non-collinear semi-metallic/insulating magnetism can be switched to 
normal metallic behavior by collinear alignment of moments (such as magnetic
field)

q Weyl nodes are topological objects, they can be removed by annihilating
with each other. They give rise to protected surface states similar to topological 
insulators. They produce Fermi arcs at surface BZ.

ConclusionConclusion








