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θ - deficit angle



2

( )R g - the scalar curvature
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x q

- wedge dislocation axis

- velosity (tangent vector)

where

Equations of equilibrium

1 1 2 2( ) : ( ) ( )x q x qδ δ δ− = − −x q

Free energy (the action) for static distribution of wedge dislocation

3R - continuous elastic media  =  Euclidean three-dimensional space
- global curvilinear coordinates

Notations

( )g xαβ

1,2,3xα α =

- Riemannian metric

1,...,I N= - the number of dislocations: 4I Im πθ= - deficit angles
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Canonical Formulation
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=
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,( )g pμν
μν

- reordering of coordinates - notations

- ADM parameterization of 3D metric

- coordinates and conjugate momenta

gμνNwhere      - lapse and       - shift functionsNμ - 2D metric on slices 3 constx =

( , )I Iq pα
α

( )3 (0)
HES d x p g NH N Hμν μ

μν μ⊥= − −∫ � (0) - the Hilbert-Einstein action

- general relativity constraints

( )(0) 2
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( )3
I I I I IS d p q q Gα

ατ= −∫ � �

2 2
3 ˆ: 0I I I I IG p N p N m pμ

μ= − + − = - first class constraints 1, ,I N= …

( )I I Iτ τ τ′62ˆ ˆ:I I Ip p p gμν
μ ν=

The gauge 3 1Iq =� ( )2 2ˆI I I I I IS d p q N m p N pμ μ
μ μτ= − − +∫ �

0, 0N Np p
μ

= = - primary constraints
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I
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∑∫ � � x q μ - total Hamiltonian

- secondary constraints

- the action for wedge dislocations

- local invariance
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ˆ

ˆ2 ( ) 0

I I
I

I I
I

H p p p eR m p
e

H p p

μν
μν

ν
μ ν μ μ

δ

δ

⊥ = − − + − − =

= − ∇ − − =

∑

∑

x q

x q

Secondary constraints

Equations for metric
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Equations for dislocations axes
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Complex coordinates
1 2 1 2: , :z x ix z x ix= + = −

: 0p p gμν
μν= = - the third gauge condition

where

- conformally flat metric

1 2( , ) ( , )x x z z6

2g e φ
μν μνδ=

1
2

1
2

0

0
μνδ

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

1 1 1 1
1 2 1 2, ,

0, 0

z z
z z

z z
z z

p p ip p p ip

p p

= + = −

= = , , z
zg p pμν

μν φ6

Gauge fixing
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0Iz
I

p =∑Center of mass coordinate system:
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Solution of the kinematical constraints

0Hμ =
1 ( )
2

z
z z Iz I
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p p z zδ∂ = − −∑ 1
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z Iz

z
II

pp
z zπ
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−∑

Asymptotic behavior:

1
2I

z Iz
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pp
z zπ→
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Solution of the Dynamical Constraint

0H⊥ =
2 2 22 2 4 ( )z z

z z I Iz Iz I
I

p p e m p p e z zφ φφ δ− −Δ = + − −∑
( )2 : 2 ln 2 z z

z zp pφ φ= −�

22 4 ( 1) ( ) 4 ( )I I A
I A

e a z z z zφφ π δ π δ−Δ = + + − − −∑ ∑��

2 2ˆ4 :I I Ia m pπ = −

- ansatz

where
2ˆ ( ) 0I Ip z =

22 4 ( 1) ( ) 4 ( )I I A
I A

e z z z zφφ π θ δ π δ−Δ = + + − − −∑ ∑��

Asymptotic behavior:

( )( )2 I

I
I Iz z

e z z z z
θφ −
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2
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x x

M d xeR dz φ
= =

= = Δ =∫ ∫ ∞
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z

e zz μφ
→∞
� :

4 I
Mμ θ
π

= −∑ 1μ > −

- the Euler nimber
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Lapse function

0p p g p gμν μν
μν μν= + =� � �
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- general solution
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Shift functions

1 ( ) 0
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z z zN Ne p pφ−∂ = − ×

2 ( )z
zz

z
N N g z

p
= ∂ +

2 ˆ ˆ ˆ 0
ˆ
N p N N g N
e

ρ
μν μ ν ν μ μν ρ+∇ +∇ − ∇ =

2z z
z z z zp N N∂ = ∂ ∂
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- general solution

- meromorphic function
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Solution of Einstein’s equations

2 22 z z
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Momenta
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= ∑ ∑
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x q

: 0p pμ
μ= =

The conformal factor

- the Liouville equation

The lapce function

Shift functions

where
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Dislocations axes

Equilibrium equations:
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The Liouville equation

1

2
( )( )
( )

y zf z
y z

=

( ) ( ) aI

I

a
Iz z

y z z z β
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The solution ( )
2

2
8 ( ) ( )

1 ( ) ( )

f z f ze
f z f z

φ− ′ ′
=
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( ), 1,2ay z a =

22 4 ( 1) ( ) 4 ( )I I A
I A

e z z z zφφ π θ δ π δ−Δ = + + − − −∑ ∑��

1,2I =

- two independent solutions
of Fuchsian second order
differential equation

aI

For simlicity consider the case of two dislocations 

- local exponents

where

β

1 2( ) ( ) I I

I
Iz zf z z z β β−

→ −∼

2 1I I Iβ β θ− =
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The Fucksian differential equation

The Riemann scheme 1 2

1 2

1 2

1 1 1
2 2 2

1 1 1
2 2 2

z z z
θ θ θ

θ θ θ

∞

∞

∞

⎛ ⎞
⎜ ⎟
⎜ ⎟− − − −⎜ ⎟
⎜ ⎟
⎜ ⎟+ + − +
⎜ ⎟
⎝ ⎠

( ) 0y Q z y′′ + =
2 2 2 2 2
1 2 1 2

2 2
1 21 2

1 1 1 1( )
4 ( )( )( ) ( )

Q z
z z z zz z z z

θ θ θ θ θ∞⎡ ⎤− − + − −
= + +⎢ ⎥− −− −⎣ ⎦

- hypergeometric equation

1

2 1

z zz
z z

ς −
=

−
6 1 2, , 0,1,z z z∞ ∞6

( )(1 ) 1 0y c a b y ab yς ς ς′′ ′⎡ ⎤− + − + + − =⎣ ⎦

11 12 1

21 11 22 12 11 12 2

0 1 0 1
0 0 0 0

1
a

c c a b b
β β β

β β β β β β β
∞

∞

∞ ∞⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟+ + =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟− − + + − − −⎝ ⎠ ⎝ ⎠

The Riemann
scheme
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Conclusion

1 Arbitrary distribution of wedge dislocations in elastic media is discribed
within the Geometric theory of defects.

2 The free energy is given by 3-dimensional Euclidean gravity coupled
to point particles.

2 Einstein’s equations are reduced to solving the Fuchsian differential equation

3  For two wedge dislocations the problem is solved analytically in terms of
the hypergeometric functions
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Reduction to the Riemann—Hilbert problem
a b

abg e eαβ α β δ=

0Rαβγδ =

2 det a
aS d z h h y yαβ

α β= ∂ ∂∫

αβγε
1
2

R Rες
αβγδ αβε γδςε ε=

The gauge:

a ae yα α= ∂

3
3 3: ( )a a a a a

z ze y C x dz e dze= ∂ = + +∫ ∫

- antiholomorphic

- totally antisymmetric tensor

0a
z z y∂ ∂ =

3 3 3( , ) ( , ) ( )a a a ay F z x G z x H x= + +

3: (a a a
z z ze , )y e z x= ∂ =

3: (a a a
z z ze , )y e z x= ∂ =

a a
z ze e=

- holomorphic



17

Reduction to the Riemann—Hilbert problem
3( , )a

ze z x

0

0

0 0( ) ( )

(1 )

I

I I

I

zz
a a a a

z z z
z z

a a
I I z

y z y z dz e dz e dz e

M Y dz e

γ

γ

= + +

= − +

∫ ∫ ∫

∫

�6 v

v

{ }( )1 0\ ,..., , ; (3) (3, )Nz z z zπ ∞ → ⊂C� SO GL C

IzIγ

Show that for any representation

there is a Fuchsian system of equations with a given monodromy

(3)IM ∈SO - the monodromy matrix

Everything is defined by

Let      be a closed loop around the dislocation axis at

the Riemann—Hilbert problem

{ }( )1 0\ ,..., , ; ( , )Nz z z z pπ ∞ →C� GL C


