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Extended supersymmetric versions of the Virasoro-like generalization of a 3D conformal algebra constructed previously by us
are obtained. They contain supersymmetric versions of SU(co) as subsuperalgebras.

1. Introduction

In the present paper we continue our investigation of the possible infinite-dimensional analogues of the
Virasoro algebra in D> 2 space-time initiated in refs, [1,2]. Using the symplectic structure on the twistor space,
in ref. [1] we have constructed a certain infinite-dimensional algebra which contains a 3D conformal algebra
(so(3, 2) or so (4, 1)) as its finite-dimensional subalgebra. It has a structure somewhat like the Virasoro one.
Our goal in this paper consists in constructing N-extended supersymmetric versions of the algebra PAC(so(3,
2)) of ref. [ 1]. Such superalgebras may play the role of straightforward algebraical counterparts of the Neveu-
Schwarz and SO(N)-extended [3] conformal superalgebras in D=3. They contain osp(N|4) as their finite-
dimensional subsuperalgebras. Higher spin generalizations of these superalgebras looking like SO(N)-extended
higher spin conformal superalgebras in D=2 [4,5] are also obtained. In the course of our consideration we shall
also construct N-extended supersymmetric versions of SU(co) in a rather simple way *'. Our method will be
based on the Poisson superbrackets on the extended supertwistor superspace.

We will follow the notations and conventions of ref. [1] and sometimes refer to the formulae therem ase.g.
(L.3).

2. SO(N)-extended 2D higher spin conformal superalgebras

To begin with, let us consider the simpler case of the SO(N)-extended 2D conformal superalgebra [3] and its
higher spin version [4,5].

First, let us introduce a pair of canonical variables (p, ¢) and N Grassmann variables y;, i=1, .., N, and define
the Poisson superbrackets as usual,

dfdg 9fdg  _ 9Sfdg |
g B R M A Sy R Ay 1
U: g}es dqdp apdg dy; oy’ (1)

We will be concerned with a Poisson superbracket algebra of the Laurent polynomials of p and ¢ and usual
polynomials of y; generated by the basis

" In this paper su(co) is just the Poisson bracket (area-preserving diffeomorphisms) algebra on the sphere s {12).
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L:.n..n=i(P)""(G)""Wi.---Wu ) (2)

where k=0, 1, .., N; seZ and neZ, or seZ+1 and neZ+4 (we consider the Neveu-Schwarz sector) and the
following conditions are supposed to be satisfied: k+2s>2 and k+2s is even. The Grassmann parity for such
functions is defined as usual: L, ,, is Grassmann even when s is integer and k is even, and it is odd when s is
half-integer and & is odd (note that we require k+2s to be even for the right connection between spin and
statistics for (2)). Calculating the Poisson brackets ( I') for the basis elements (2), we obtain the composition
law in the superalgebra, which we denoted shsc*E (N]1)inrefs. {4,5] (shsc means super higher spin conformal,
E (even) for k+2s even, * for the Poisson brackets) ' : '

(Liisior L jioiu Jon = (sn’ =S ML oo R AR, LSS i Vaie ) (3)

where Alt means antisymmetrization in all /- and j-indices separately (Alt(4,,B,)=4(A, B, ~A,8B,)). The
superalgebra shsc*£(N{1) (3) contains the SO(¥)-extended conformal superalgebra | 3} as a subsuperalgebra
gencrated by the monomials (2) with 2s+ k=2 (only spins 5< | may appear)

Lo, Lafy o LGN (k+25=2). (4)

When N=0 this is the usual (centreless) Virasoro algebra and when N=1 it is the Neveu-Schwarz superalgebra.
An important feature of the SO(N)-superconformal algebra and its higher spin generalization (3) consists in
the presence of negative spins (s<Q) when N> 2. Also when N> 4 [6] there is no non-trivial central extension.
In refs. [4,5] we also calculated the conformal anomalies (from the nilpotency. condition £22=0) for these
extended higher spin conformal superalgebras and the results were C= - (N=0), —& (N=1), -1 (N=2),
and 0 (for all N>2). To obtain the first three non-zero anomalies the {-regularization is nceded, while the
conformal anomalies for N> 2 are cancelled out separately for cach osp{ N} 2) supermultiplet %2,

Another interesting subsuperalgebra of (3 ) is extracted when the restrictions s»0and |n| <sare supposed to
be satisfied (i.c. the generators contain only non-negative powers of p and 7). In fact this is a higher spin super-
algebra shs*“(N|2) of ref. [7], where the extended versions of the higher spin algsbras originally appeared in
ref. [8] were censtructed. It generalizes osp(N|2) which is cofitained in shs*£(N|1) as a maximal finite-dimen-
sional subsuperalgebra generated by {L 4, ,, LY #/2i» L3). Onthe other hand, in the terminology of refs. [1,2],
shsc*£(N| 1) is an analytic continuation of shs*£(N|1) and is obtained from the latter after abolishing the re-
strictions {n}<s, s»0. (Insucha terminology the SO{N)-extended conformal superalgebra [3] is an analytic
continuation of osp(N|{2) along the sp(2) roots {219 '

3. Virasoro-like extension of 3D conformal superalgebra osp(/Vj4) and its higher spin version

Now let us pass to the main subject of the present paper, the 3D conformal superalgebra. Along with the
spinorial generating elements a,, b, as in (1.9) we introduce also Grassmann variables g, i=1, ..., N to obtain
an extended supersymmetric version of the results of ref. {1}. (This is a gencral method of constructing ex-
tended higher spin superalgebras [8-10]. For finite-dimensional superalgebras such oscillator-like reatizations
were studied inref, [11].) The Poisson superbracket for two functions of ., b, and y, is defined according to

o e J d 9 3 3 3
[/ gle =S Ag, A=£%5E+€:8¢.ﬁ-&;+2§;é—w—i. (5)

An algebra of all second order polynomials of (a,, b,, ¥;) with respect to the Poisson bracket () is iso-

*2 For comparison we give the conformal anomalies for usual conformal superalgebras without higher spins: {(N=0), {(N=1), $(N=2)
and O (forall N> 2). '
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morphic to osp(N|{4). An infinite-dimensional algebra shsc*(N|3) [9] of all order polynomials, so that
P(—ay, —ba, —y;) =P(aq, ba, yi) , (6)

gencralizes the 3D conformal superalgebra osp (N|4) to the case of all higher spins. shsc*(N]3) (N-extended
higher spin 3D conformal Poisson-bracket superalgebra) is isomorphic to shs*2(N|4) [8] (higher-spin super-
algebra in 4D anti-de Sitter space) due to the isomorphism between the usual 3D conformal and 4D anti-de
Sitter superalgebras.

The generators of shsc*(N|3) have a form [9] (for all our notations and conventions see section 4 in ref,

(th

/ (2
(e} T ) S o (ath )52
a(21),iy...ix % (Q+C)!(Q—C)!ad. aa ba bat Wn Wug(a by) + (7)

f—c L+c
where the indices have the following range of definition:
5=0,4,1,., £2=0, Ll,., f<s, ' (8)

=, —0+1,..,%s 2and c are simultaneously integer or half-integer; k=0, 1, ..., N, k+2522, and k+2s is
an even number.

The new element here in comparison with (L.12) consists in introducing the Grassmann variables ¥, (each
generator now is an anti-symmetric tensor with respect to its internal indices ), and now s,  and ¢ may be integer
and half-integer (Bose and Fermi generators are presented ).

The second-order monomials (7) with k+2s=2 form a maximal finite-dimensional subalgebra isomorphic
toosp (N|4).

The superalgebra shsc*(N|3) isa 3D analogue of the /ittle higher spin conformal subsuperalgebra of shsc* (N 1)
given in (3) (note that “little” means that the restrictions s 0, |n| <s are supposed to be satisfied).

To pass to the 3D counterpart of the SO(N)-extended Virasoro superalgebra and its higher spin version, one
has 1o abolish the restrictions

520, 2<s 9)

in (7), (8) (all the others remain true). This is similar to abolishing the restrictions s> 0, {n| <sthat has to be

done to pass 1o the Virasoro superalgebra from the little superalgebra. Such a general procedure was named
analytic continuation in refs. [2,1].

Calculating the Poisson brackets of two basis monomials (7), we obtain a manifest expression for the N-
extended supersymmetric version of the algebra (1.13):

(TES hier TS5 }rie JpB

= & Caanaaer U EE (5 VTSRS e+ CEE AN TG s )] (10)
(see (L.13)~(1.16)). The quantities f {£% (s, 5" ) are given in (1.16)).

The generators with k+ 2s=2 form a basis in the subsuperalgebra which is a 3D counterpart of the SO(N)-

superconformal algebra [3]. In particular we present as evidence the manifest expressions for the 3D counter-
part of the N= | Neveu-Schwarz superalgebra PAC(0sp(1/4) ) (LS aq) = T8, Qaon =TEEP W),

[(Lacer, Liae ) Jon = & 2E 0 D i g, Lz ,

(Lo Qoaer o= ,Z.fg:?:( L D) Cacanrpean )™ 'Qtar-y (11)
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{Qacer, Qocar ) Jon = ._Z_ Cot Caiatrpan). "Lise) .- (11 cont’d)
R <

Here the generators ‘

Pay ~Laly, Kay~Li), Maay~L3:,, D~L Qu~02'2, S,~Ql? , (12)

form a basis in osp (1]4), which is contained as a maximal finite-dimensional subalgebra in PAC(ospl{4)), its
analytic continuation beyond the boundaries £ Ss5(s=11for L sy,, s=4 for Qaan )-

The higher spin extension of (11), counterpart of the Poisson-bracket higher spin extension of the Neveu—
Schwarz superalgebra, is given by :

(T&Eh, THSE ) lee = lz SEE(S, 5" )Caa0) o2 WTEOT G,
£
(TSih, QK leo = .Zf S &E(5 5 YCatay ey " HIQYRE T

{88, Ofis ) les= )y Cg:ﬁ:Ca(m.ﬁm')f’m‘)T)(vf;eff')- (13)

T

4. Extended supersymmetric versions of SU(e0)

As was shown in ref. [1], the algebra AC(s0(4,1)) contains SU(co), the Poisson bracket algebra on the
sphere §2 [ 12], as its zero-conformal weight subalgebra. It is constituted by the generators having zero Poisson
brackets with the dilatation generator D. Similar 2N-extended supersymmetric versions of PAC(s0(3,2 )) con-
structed in the previous section contain extended supersymmetric versions of SU (oo, o) (non-compact form
of SU (o) related with S'! in place of S?) as their special subalgebras.

To describe these subsuperalgebras, let us consider the 2N-extended case and choose 2N new ‘Grassmann
variables §;, # with the Poisson brackets

{fi, 'Ii}rn=5{ (14)
instead of the old variables ¥. Now we can introduce the following quantity:
S=i(a,b’+&n'), (15)

which in the twistor theory is usually called a superspirality operator ((15) is its classical version exactly). It is
easy to see that the condition
[s./}p=0 (16)

for f€ osp(2N14) extracts the subsuperalgebra SU(1, 1{N) osp(2N|4) (we have excluded S itself') (see ref.
[10]). Requiring the condition (16) to be satisfied afier the analytic continuation, we arrive at the infinite-
dimensional superalgebra with basis polynomials

T (28)! .
Nedem — .e s FRT «al]; 7, 1-t-te+p)/2
Tﬂ(”)-il---l'- 2 [2+ (q_.p)/2]! [2_ (q_p)/2]! aﬂ 'aﬂ bﬂ bﬂ ti' '&P’bl ”l' (a b?) 2
t-{q-p)2 tt(a-p)/2 P ]
(17)
where
2=0,4,1,..., ¢,p=0,1,.,N, |(¢-p)/2|<2, (18)
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| (g—p)/2| and £ are simultaneously integers or half-integers.
Supercommutation relations can be calculated straightforwardly,

A . 20~
[Ta(2l).i|...ip.” J'a Tﬂ(ll‘).ii""r'-h e }PB = z (— I )qp Ca(2!)..8(2!' )‘y( il
ry

XU L) 2 i —prratara —pap 321 = (@4 D)2, 1= (@' +P' 12)) Tyaesipiytity 00057

HH(— D) CEor 2 (@12 ara —p-p312 :

X Alt(q'péﬁ Ty ).i....i,,.i',...i',..j""j'j’z"'j‘," "qp'yie, T ).i,...i,:‘,.ﬂ..‘,».j""j"'jl""‘"l" )], (19)
where f % (s, s ) have been given in (1.16) and Alt means the same as in (3).

The above superalgebra as a matter of fact is an N-extended supersymmetric version of the Poisson bracket
algebra on the hyperboloid S''. The latter is a subalgebra and formed by the subset of the basis elements { 17)
without and 7 (simply Tix2e, ) (as it was shown in ref. [1], (1.25)). On the other hand the superalgebra (19)
contains a maximal finite-dimensional subalgebra SU(1,1|N) (when 22+ p+¢=2in (17)), N-extended super-
symmetrization of the isometry algebra of S'-'. Note that transformation from the usual coordinates X, of
S"'( X, X*=R?) to our spinorial coordinates a,, b, as a matter of fact is a twistor-type transformation for 3D
space—-time (see appendix Cinref. [5])

X, =02V a,b, (20)

(0,= (1, 0,, 03), 0, 63 are the symmetric Pauli matrices ). As is known, in many cases the twistor transformation
allows one to simplify considerably various non-linear structures. In the case in question it reduces the non-
canonical Poisson brackets [ X,,, X, }pa=¢,,,X” to the usual canonical ones (44, bglee=¢8,s. Realization (17) in
fact gives a generalization to supertwistors.

Now let us pass to the euclidean case. Instead of the spinorial basis the weight basis can be used with the
euclidean hermitian conjugation

(Thhi s ) = (= Ly a=P2TY T (21)

-m.ji...Jjq

and the supercommutation relations read as in (19) with the usual Clebsch-Gordan coefficients C%% .- in
place of the spinorial Ca2e) s2e-).”** . This is an N-extended supersymmetrization of SU(o0) [12]. It contains
su(oo) itself (the generators T2, (p=¢=0)) as well as the maximal finite-dimensional subalgebra SU(2|N)
(the generators with 20+p+g¢=2).

The case of the N=1 superalgebra, SU(co+ 1{cc), was obtained by us also in essentially another way as the

large-M limit of the finite-dimensional matrix superalgebras SU(M+1|M) | 13].

5. Summary

To summarize the results of the present paper, first, infinite-dimensional superalgebras generalizing 3D con-
formal superalgebras osp(/N|4) are constructed. They are 3D algebraical analogues of the Neveu-Schwarz and
the SO(N)-extended 2D superconformal algebras. Second, their higher spin generalizations are obtained. Third,
from the SO(2N)-extended 3D Virasoro-like superaigebra we have extracted a special subalgebra which can be
considered as an N-extended supersymmetric version of SU(o0) (in the euclidean case).

The complete expressions for the structure constants of the above algebras are obtained. Note also that cal-
culations of the structure constants (which are rather complicated themselves) are especially simple in the ap-
proach presented, based on the Poisson brackets for 3D supertwistors.
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